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Lecture Goals - Y_téxoL onuepvol pabBfuatoc!

Metd To onuepvd pdbnuo Bo pmopsite:
o Na Teplypdpete TN YEOUETPLOL KOL TOL CUOTHLOLTO LVOLPOPALS TWV
UAV.

@ Na e&nyeite Toug Borokog TPOTOUG AVATILPAOTAONG
mpooavatolopol (Euler angles, Rotation Matrices, Quaternions).

@ No KaTovoeiTe ToL KIVILOLTLKE LOVTEAN GKOUTITWV CWUATWV KoL TGS

spapudlovtal oe multicopters.
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Right-Hand Rule

Kavévag tov 8eLod yeplov:

o XpmnoipoToteltal yLor vou oplooupe T
Octikn Yopd TV afOVWV Kol TwV
TLEPLOTPOPRV.

o O awvtiyepog deiyvel T BeTikn
BLevBuvon tou dova. Ta umdloima
SdyTula deixvouv Tn OeTikn popd
TEPLOTPOPG.

Positive
rotation angl
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Unit Vectors in Earth and Body Frames

In 3D space, we use three orthonormal unit vectors: e;, e, es, to define
directions along the x, y, and z axes.

In the body frame:

Xy

by by bp _
bi,”b2,"b3z = e, e, e3

represent the UAV-fixed axes ,
(Usually: forward, right, down). ’ B

In the earth/inertial frame: P
°by, °by, °b3 # "by, *by, Pbs

are fixed to the world (Usually:
North—East-Down ).

e The Earth frame is inertial (fixed to the ground).
@ The Body frame moves and rotates with the UAV.

Hellenic Mediterranean University Autonomous Robotic Vehicles Lecture 6



Attitude Representation — Euler Angles

Ocwpnpa tov Euler (Euler’s theorem): H mepiotpoypt} evdc otepeov
YOpw amd éva otabepd onuelo wmopel v ekppaotel wg ovvleon TpLOV
TETEPOLOLEVOV TEPLOTPOPDV YUpw attd Sradoyikole &&ovec.

o KdbBe d&ovac stvaun évoc amd To TtepLOTPEPSEVO TUCTNUOL
oLVoLPopaLG.

o KdBe ywvia stvoun pio amd tic Euler angles:
¥ (yaw, around z ), 6 (pitch, aroundy ), ¢ (roll, around x ).

@ Typical ranges:

Y € [-m,m, 0¢€ [—W il

> 5} , ¢ €[-m ]

o Ta ebpn avtd e€aopaiifouv povodiky cvoopdoTooy.
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Attitude Representation — UAV

Mo éva UAV:

o H petéPaon and Earth frame (EFCF) oe Body frame (ABCF)
Yiveto pe 3 oTolXeL®Belg TtepLOTPOPEG.

@ Yuving oepd: yaw — pitch — roll.

o H attitude matrix mpok¥mtel wg Yvépevo Twv 3 rotation
matrices.

o H oelpd TtV meploTtpopddv eivau kpioyun: ov ad&éet (..
yaw—roll-pitch), TtpokUTTeL SloLpopeTikdG TEALKOG
TPOCOLVOLTOALOMOG.

The pitch angle is posit
The roll angle is positive © piich angle 15 positive

when the body pitches up
when the body rolls to right v

Front view % Left view %

The yaw angle is Top view

X
=
positive when the ‘ Leﬁ:e“'
body yaws to right 3 =
Top view
Front view
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Attitude Rates vs Body Angular Velocity

o Ou¢,0,v (Euler rates) ekgpdlouvv
adayéc otdone we pog to inertial
(earth) frame.

o Ta p, g, r eival oL YOVLOLKEG TOLXVTNTEG
Tov oopatog (body rates) yopw amd
Touc &&ovec tou UAV.

o AiotpopeTikd TAoiowew omoteiTow

METOULOX NULOLTLONAG.
¢ p
O=|0]|, bw=|gqg
W r
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Relationship Between the Attitude Rate and

the Aircraft Body's Angular Velocity

Y xéon petald Euler rates qB, 9,¢ kot body rates p, g, r:

p o 1 0 —siné
gl =W(e,0) | 0], W(p,0) = |0 cos¢ sing cosf
r ¥ 0 —sing cos¢ cosf
— Akoloubia mepiotpopdv: R = R,(¢)R,(8)Rx(¢)

1 singtanf cos¢tand] [p
] = {O cos ¢ —sin¢ ] [q]
0

sin ¢ cos ¢ r
cos 6 cos 6

Avtictpopa:

¢
|:9] = W_l(d)v 9) |:
G

e Avp =60 =0% p:gil), qzé, r:d}.
o [ pukpéc ywvieg oxeddv tavtoonuia.
@ Otav  — £7: cost) — 0 singularity.

~NQ T
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Rotation Matrices

Mw Rotation Matrix, Rp. € SO(3),
SO(3) 2 {R e R3*3 ‘ R'R = I, det(R) = 1}
@ Rpe: petaoynuotiCet Siaviopata and to Body frame (b) — Earth
frame (e).

@ To SO(3) eiva To oHvoro SNV TWV FUVALTOV TEPLOTPOPROV OTO
3D.

Mo T oepé ZYX (Yaw—Pitch—Roll):

Rotation Matrix (ZYX):

Rpe = Rz(w) Ry(e) Rx(¢)
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Rotation Matrix for ZYX (Yaw—Pitch—Roll)

H Rotation matrix* aovadutikd dtveton wc:

Explicit form of Ry (ZYX)

cos 6 cos i cos @ sin ¢ —sin@
Rpe = |singsinfcosy — cospsiny  sin@sinfsinip + cospcosy  sin ¢ cos

cos ¢ sin 0 cos 1) + sin ¢ sin Y cos ¢ sin 0 sin — sin cos Cos cos

Y mepotpowth Yopw amd world z (yaw).
0: mepotpoyh Yopw and véo y (pitch).

¢: meploTpowh Yipw amd teAkd x (roll).

Rpe: petooynuatilel Siaviopata ané Body — Earth. To
avtiotpoyo eival Rep = Rge.

*Kd&be othAN tng Rpe eivol évag povadiaiog d&ovag tou body frame, ekppacpévog oto earth frame.
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Euler Angles vs Rotation Matrices vs Quaternions

Euler Angles (Yaw—Pitch—Roll):
e Singularity étav 0 — £7.
o EZaptdvton amd tn oclpd TEPLOTPOPRDV.

o O e€lowosic yra pubupoic eivor To ToAUTAOKEC.

Rotation Matrices:
o Aev éxovv singularities.
@ Xpeldlovtouw 9 otouyeia, eved éxouv pévo 3 Pabuodc elevbepioc.

o Mpémel va tkavottotovv RTR = I ko det R = 1. = Adokolo va
SrotnpnBolv akpiPeic apBuntikd (m.x. ot integration).

Quaternions:
o Xwplg singularities.
o Mévo 4 mapdiuetpol.
o AplOuntikd otabepol ko dkolot.
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Definition of Quaternions —1

Quaternions are normally written as:

= la

where go € R is the scalar part of ¢ € R* and q, = [ql Q2 g3

]T
is the vector part.

e R3

For a real number s € R, the corresponding quaternion is:

= o)
97 01,3

For a vector v € R3, the corresponding quaternion is:
|0
q vl
Ovolaotikd, évac quaternion stvau évoc tetpadidotatoc aplBudc Tov a-
ToteAeitonw otd évol TPALYROLTLKS Kol éval SLLVUGUOLTLKS époc.
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Definition of Quaternions -2

KéBe 3D meplotpoyth propel va avartapactabel we pio povodiky mept-
otpoyh pe yovia 6 yopw atnd évav povadiaio d&ova u. O avtiotoiyog
unit quaternion sivou:
0
= [ cos 24 ‘
u sin 5

To scalar pépog gop = cos(0/2) kwdikoTmoLel Tn Ywview TEPLOTPOPHG, VO
to Stovuopatikd pépog q, = usin(f/2) kwdikomolel Tov d&ova TteploTpo-
P¢.

Moapdderypo: Mepiotpopr 6 = 90° yipw amd tov d&ova y:
s ﬁ T

0
u= (1) , qo:COSZZT’ qv:usinZ:

onG o
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> 0vBson Quaternions

Mo évoe UAV pe Yaw—Pitch—Roll akolovBia epiotpopv (1, 6, ¢), o ouvo-
Aké¢ quaternion gep TPOKUTITEL ALTLS TOV TTOANATIAXLGLALOWS TWV ETILUEPOVC:

deb = qz(v) ® qy(0) @ qu(®)

e q,(v): meploTpopn YUpw ard tov dgova z tng Mg (yaw),
e q,(0): mepoTpoyh YUpw atd Tov evdldpeso y (pitch),
o gx(¢): mepotpoyth Yipw amd tov x (roll).

O tedeotric ® dnAwvel quaternion multiplication, 1 omoila sivow Ttpooe-
TOLLPLOTLKY KO OLVTLOTOLYEL 0T oUvBeoT TEPLOTPOPDV.

O ocuvoAkdc gep sival LoodOvapoc pe T Rep Tou iaue tponyoupévac.
Av g, = [a:], ap = [l:)o]’ 6T 2 ® qp = [ 20bg —a'b }

aob+ bpa+ax b
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Xpnon Quaternions otnv Tpdén

To quaternions YpnolpuomolovvTol ekTeTApévVe o ovoThiuata UAV yio
VoL TEPLYpALPouV KOl VOL EVILEPDVOUV TOV TPOCOVALTOALOUS Xwpic
singularities.

Tumikég xpnoeLg:

o Avarnapdotoon otdong tov UAV otov uttoroylotn 1| otov
gAeykTh TTTHONC.

o Evnpépwon otdong pe olokAfpwon twv body rates (p, g, r) péow
Sraipopikc e&lowonc Tou quaternion.

o Metatpomny iavvopdtev (T.x. Boputikig emtdyuvong,
petpioewv IMU) anéd Body <+ Earth frame.

Y x6No: O quaternions eiva évog oupTaLYng, oplOunTiké otobepdg
Kol povoldikdg tpdTog vo eptypddoupe To attitude. Aev avtikaBiotodv
TIAMpWC TiC rotation matrices M| Tic Euler angles — T oupmAnpodvovuy,
aVAAOYA e TNV EQAPIOYT.
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Multicopter Modeling — Overview -1

H povtelotmoinom evéc multicopter epthapPdiver 4 pépn:

| Position and |

| attitude :

1. Rigid-body kinematic model I Rigid body |

I kinematic model |

o Aev e€aptdton amd pdla 1 Suvdpuelc. :\_,Elm.w PR :
3 ¢ X L . | velocity

o MeA | 3 |

eAeTd Gsdln, Tocz(urnroc, otdon (attitude) | e |

KOl YWVLOKT) TAXVTNTA. | dynamic model :

i : A . i’ | [} !

@ Eicobou: ypopuikn & ywviokt oy oTnTo. et
o 'E€odoi: Oéon & otdon. moments

Control effectiveness
model

Propeller angular &

speeds
Propulsor model
Throttle
command
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Multicopter Modeling — Overview —2

Position and
attitude

2. Rigid-body dynamic model Rigid body

kanematic model

|
|
|
o MepthapPdiver wédlo, potméc adpdvelog ko |

4 Jeloci i

SUVCX, eLC. | Velocity and angular

pelg |
|
|
|
|

velocity
@ Bawoileta otouc véuouc tou Newton, Rigid body
evépyeLog Kol oppiic. d"'“"“’}f model
_______________ I
o Eioodoi: won & poméc. Thrust and
, , , , moments
° EEOSOL: YPOLP«HLKT\ & Y&)VL(X.KT] TO('XUTT]T(X" Control effectiveness
model
Propeller angular &
speeds
**To 800 autd povtéda (142) ouykpotodv to Propulsor model
reviké povtélo mefong evoc multicopter. ol
command T
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Multicopter Modeling — Overview -3

3. Control effectiveness model
o EiocodoL: tayitnrec TepLoTpofic TPOoTEAGDV.
o '‘EZodoL: mom ko potéc.
o [eprypdpel T oL TtpoTtéAec SMULOVPYOUV BUVAELSC KoL POTTEC.

@ To control allocation model sivat 1 awvtiotpoen diadikaoio:
and embuuntéc duvdpelg & poTég — UTIOAOYLOWOG ALTLOUTOVUEV®V
TOUYVTTTWV TPOTEADV.

4. Propulsor model
o NMephapPdiver kvnhpor (DC), ESC kou poTtéAa.
o EicodoL: evtoléc throttle (0-1).

e 'E€odoL: toytnTeg Teplotpoytic TpoteAdv (1) don amevbeiog).
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Modeling Assumptions for Multicopters

Mo Adyoug amhomoinong, dtov povtedomorobue évoe multicopter,
uoBetolpe Tic e&fc Baokéc vmobéoeic:

@ Assumption 1: To multicopter Bewpeiton dkopmto cOpa.
@ Assumption 2: H pélo ko oL potéc adpdivelog TtoLpoyLévouv
otaBepéc.
o Assumption 3: To yewpetpkd kévtpo ouutintel pe to Center of
Gravity (CoG)*.
o Assumption 4: O péveg duvdypelg eivou:
o 1 Papdtnra (koetd tov +2z &&ovar),
o MKoM Twv TpoTeA®V (katd Tov —z d&ovar).
@ Trd0son 5: OL pomédeg pe povd aplBud meplotpépovton avtibeta
atmd TN Popd Tou poAoyloU, eve ot {uyég pe TN Yopd Tou POAOYLOU.

* . , . . . . . A . .
Av 8ev loxve auth 1 UTéOeom, TéTE OL Buvdpelg Sev Ba Ttepvoloay attd To I ko Bo éTpeTe Vo elodyoupE
TipboOeteg pomég oTA SUVOLULKE LOVTEACL.

Hellenic Mediterranean University Autonomous Robotic Vehicles Lecture 6 19 /26



Rigid-body Kinematics — Intro

Ocewpolpe étL To multicopter eivaw dkopmto odpa ko opifoupe to Bi-
dvuopo Béang Tou kévtpov Bépovcg oto Earth frame wc:

°p € R3.

H kwnuatik e&iowon petopopdc Stvetan amd:
b=y,

émov °v € R3 givaw 1 ToedTNTAL TOV KéEVTPOU BAPOVG KPPACHEVT OTO
Eoptn @pojee.

Mo To TtepLoTPOPLKS WEPOG, LTTOPOURE VOL XPTNOLULOTIOLITOULE:
o Euler angles model,
@ Rotation matrix model,
@ Quaternions model.

2T emdpeveg dlapdveleg Sivetol N Lopy1 Twv

KWINRATIKOV e{lo@ocwv attitude ko yio o Tpiol povtéda.
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Rigid-body Kinematics — Euler Angles Model

Me Bdon tnv TmdBeon 6.1 ko to Euler angles kinematic model, éxoupe:

ep = °v.

Mo TV otdon, o pubudg petoforfc twv Euler angles divetow amé:

© = W(¢,0) bw,

6mov @ =[p 0 ¢]" kew bw =[pqr]’.
W (¢, 6) eivou o Tivakag petaoynuotiopou ard body rates oe Euler rates,
Tov eldaue vwpitepa.

1 singtanf cos¢tanf
W(¢p,0) = |0 cos ¢ —sin¢
0 sin ¢ cos ¢
cos 0 cos 0
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Rigid-body Kinematics — Rotation Matrix Model

Kow €8¢ éxoupe:

ep = °v = R.pbv.

H kwnuatik e&iowon tng rotation matrix R., € SO(3) (Body — Earth)
etvout:

: b
Reb = Reb |: w} )
X
émov [-], eivow o TeAeoTrg Slavuopatikol yvopévou:

0 —x3 x
X, = | x3 0 —x1
—X2 X1 0

Auti M popen TpokiTTEL altd Tov opLopd TNG TEPLOTPOYTHS we opBoydviog
pitpag oto SO(3).
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Rigid-body Kinematics — Quaternions Model

H e&lowomn petagopdc Topopuével idiat:

Mo T otdon, av
deb = |:ZO:| S R4

v

eivo o unit quaternion (Body — Earth), téte:

) 1
do = _5 qj bw7

. 1
av = = [qols + [av], ] Pw.

2

Avutéc oL e€LoMOELG XPTOLLOTIOLOUVTOLL YLOL VOL EVILEPWOOCOVLE TO quaternion

bt yvwpilouue ta body rates (p, g, r).
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2 Oykptom Unicycle vs UAV Kinematics

Unicycle (2D) UAV (3D)
X =vcost ep = Roy v
y =vsinf Rep = Rep [Pw]x
0=w
e 0: mpoooavatohopde (1 o H otdon meprypdpeton amd
ywvia). Re, € SO(3).
® v,w: inputs KWNULXTLKOY e O Pw: inputs (body angular
HovTéNov. rates) ko ot Pv (ypouppukéc
@ H Béom ko 1 otdon oy TNnTeg): mpokiTTOLVY ATtd
TpokUTTTOUY CLTtevOeiog To Suvapkd povtélo (6xt
oTd TLG TOLYVTNTEG. amevBeiog amd tov Aeyyo).
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Y Ovodmn Aropopiyv

Unicycle UAV (Quadrotor)

o Kwnuatikéd povtédo (2D) o Avvoyukd povtédo (3D, 6

o Eiloobou: v, w DOF)

o Ou tadtnree Stvovton attd @ Eioodov: Thrust + Pomég
Tov eAeYKTH @ Ou taydtnreg etvon

@ YuviBwc évac eheyktric Béomnc kataotdoels (states)

o Apyh xpovikn KAipoko o lepopyikdg édeyxog (Oéon —

o Underactuated 2tdon — Kwnrrpec)
(non-holonomic) @ lohb ypryopog inner loop

e Underactuated (6 DOF, 4
inputs)

Y to emdpevo wadOnpor: Dynamics and Control of Multicopters.
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System States & Inputs of a UAV (Quadrotor)

System States: Inputs (Control Inputs):
o @éonp=|[xyz" @ Yuvohwkn don T (katd —zp)
o Tayvtnta ¢v =[x y 2] e Pomég kOAong 7 (roll)
e Xtéon (Orientation) e Pomég kAiong 7y (pitch)

o Euler angles (¢,0,v) 1
o Rotation matrix Rep 1

o Quaternion gep

o Pomég dievbuvong 7y (yaw)

o Nwviakég TayvTnTeg
bw=1[pqgr"

Yuvohkd: x € R12 u € R* (tumkd yio povtéhe quadrotor).

Y ypeiwon: To ovotnua eivow underactuated — éxer 6 DOF ahA& pédvo 4
eMéyEipeg slobédoug.
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