IIeproootepa yra tig
OTPOPEG KAl TOV
IPOCAVATOAONO
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Ileproootepa yla Tig OTPOPEG KAl TOV IPOCAVATONIOHO

* H otpopr) evog 22 prtopet va avtiototyndet oe eva mivaxka otpogr)g

* O mivakag otpoeng £xet 9 otoryela

* O nivakag otpo@r)g priopet va napapetporoundet pe dtapopoug
TPOIIOVG:

— Tovieg otpoprg yOpw aro otabepo miaioto oovietaypéveov

— Tovieg otpoprig yOpm aro Kivovpevo maiolo ovvietaypevev (yovieg Euler)

— Z1po@r) yop® amod 10odbvapo diova

— Me tetpadovia (quaternions)
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IIpooavatoMopog pe TOMKI] IIAPAPETPOIIOL0T] TOD HIVAKA OTPOPIG

3 Ave€apmrot mapapetpor <> R

* 3 T'wvieg oTpoP1)g YOP® ATIO TOLG PACIKOLG ASOVEG TOV
adpavelakov matoioo

=== > | BAZIKEX I'QNIEZ X-Y-Z

* 3 T'wvieg oTpoP1)g YOP® AIIO TOVG PACIKODG ASOVEG TOVL
KIVOOHEVOD TTAALOL0D

=== > |TQNIEZ EULER Z-Y-X
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IIpoocavatoAopog pe 3 YyoVieg 0TpoP1G

* 'Eotw dvo mhatiowa {A} xa {B} ta omoia apyikd tavtiovrat

* TTAaiotwo {A}: o adpavelaxo mhaioto Tov KOopov
= ITAaioto {B}: xtvoopevo maioto

AV Kdat 0 IPooavatoAlopog avtog PITOPet va IIPOKOWEL

€ AIIEPOLG TPOIIONS, PITOPOVHE VA TOV SILODPYT)OOVHE

a) pe Pacikég oTPoPEG YOP® AIIO TOLG AKIVITOVG dioveg tov {A}
1

B) pe Paoikeg oTPoPEG YOP® AIId TOLG KIVOUpEVOLG afoveg Tov {B}
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Baowkeg otpo@ég X-Y-Z yopw amo 1oug akivtovg asoveg tov {A}

(v.B.q)

{AYD) rot(x,,7)

:> rot(y,, /)
{ R, (1, B, ) ygp = FO1(z, 8) - T01(y, B) - TO1(x, ) }

=) rot(z,,a) £ {B}

Avti va TteplypAdOoUE TOV IPOCAVATOALOUO LLE TOV TIIVOKA 0TPODNG
XpNOLUOTIOLOUE LOVO TLG YWVIEG Y, B,a TTou AéyovTal Baotkég vwwsq X-Y-
Z yUpw amo otabepolg AEoVeG.

'\acouAdg POMMNOTIKH | - Tpipa MnxavoAdywv Mnxavik®y 28

Eppnvevovtag 01a@opeTikd TOV HiVAKA OTPOPI|G IOV MPOEKDYE IPLV

{A}>{8B}

{ B (g — T o ) }

AladOopETIKN EpUNVELQ TOU
TIOPOIAVW TIVOKOL OTPODNG

(A} B 10t(z5,@) =) 10Uy, f) B rot(xy.y) = {B}

‘ ZYX Twvieg Euler = (o,B,y) ]

Avti va TteplypAddoupE TOV TPOCAVATOALOUO LIE TOV TIVOKA 0TPODNG
XPNOLUOTIOLOUHE HOVO TIG YWVLES @, B, ¥, TTou Aéyovtal ZYX ywvieg Euler
(YUpw armod Toug KIVOUEVOUG AEOVEG).
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Baowkég otpo@ig Z-Y-X yop® amo toug Kivovpevoug asoveg tov {B}

ZYX T'wvieg Euler (a, 3, y)

ZYX Twvieg Euler {A} = {B(O)}
=) rot(zg,Q) = rot(yg,f) £ rot(Xg,y) & {B}

R (0B, 7) vy = rot(z,a) - rot(y,p) - rot(x,y) =
ca —sa O||cg 0 spg||1 O O

=lsa ca 0|/ 0 1 0|0 cyr -sy {A}=1{B(0)
0 0 1|[-sf 0 cB||0 sy cy .4
_ < ,"
CoCp  CuSpS, —8S,C,  C,SpC, +5,8, '
=[8,65 8,88, +C,C 8,85, —¢,8. [FR (7,8, )y,
—Sp CgS, cyC,

ITpoxbmtetl 1010 IMIVAKAG OTPOPIG e aLTOV IIOL AVIIOTOLKElL OTlg Paotkég
otpoPég X-Y-Z yOP® aIro Tovg akivijtovg agoveg Tov {A}
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>ovoyn)
¢.=a
¢=P
Baowkeg ywvieg otpo@rg P=Y yYwvieg Euler
X(p)-Y(py)-Z(e.) Z(¢,)-Y(py)-X(epy)
wz\ 1010 mmivaxa otpo@r)g
| rot(z,a) rot(y,B)-rot(x. 1)
ca —sa Of|cBg 0 sp||1 O O C,Cp  CuSpS, —S,C, C,SzC, +8,.8,
={sa ca O 0 I 00 cy —sy|=]8,C 8,58, +C,C, 8,5C, —C,8,
0 0 1|(-sf 0 cB||0 sy cy —Sg CgS, CsC,
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I'wvia otpo@rg yopwm amno wodvvapo daSova (Bewpnpa too EULER)

= Yopgova pe To Oewpnpa tov Euler kabe mpooavatoopog pmopet va exgpaotet aro pia
otpoPr) YOp® amod évav KatdaAAnho otabepo afova xatda pia yevia o.

2
kXVG + Co kxkyVG - k289 kaZVG + kySe
_ 2
Ryo =| kikyvg +k,s9  kivg+cy kyk,vg —kysg

Z kek,vo —kysg kyk,vg+k,sg  kovg+cg
k s
z Vg = l_ce k=| k

k:povaduaio avoopa

y

= Y : k
K, sinp=k2 +k3  sino=——=
Jki +k3

cosf=k, COSOL = Ky
. , . Jks +k3
* H meprypagr) evog pooavatoAopon pe pia yovia ydpw y
aro wodvvapo afova dev etvatl povadikr). %
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['ovia otpo@r|g Kat 10000VAR0g ASOVAG IEPLOTPOPIG AIIO HIVAKA OTPOPL|S

T'ovia otpogr)g xat twoodvvapog asovag

Eotw évag mivaxag otpo@nig R pe ototyela ry;, amodeikvoetat 0Tt oe
aLTOV TOV OIVAKd OTPOPI)G AVTILOTOLXEL
o adovag meplotpo@ng k xat n yovia meprotpoerg 0 :

1 L, — I
I, +1, +1; — j Kk 1

0 =arc cos(
2
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[Tapdadetypa 1: T'evia otpogrg kat 10odvvapog adovag (1/2)

Eoto nivokag meptotpoenc R 0 omoiog avtictoryel mpdta oe mepiotpopn 90° yopm
omd tov z, GEova, petd og mepiotpoen 30° yOpw amd Tov ¥, GEova kot TEAog oE

nepiotpo@r 60° yopw amd tov x, GEova Tov mAarsiov Baong.

21 12

0 _g % O:arccos(rll+r22+r33_1J
2
1 B3
R:Rx,60Ry,30Rz,90 = E _T _Z 1 I, =Ty
=— |1, —T
V3 1 V3 2sin@] © !
S 1 a1 I, —T

2

AYZH:

T'a Tov mivaka otpo@rig €XOvpE 1, +7, +713, =0.  H yovia vmoloyietat g 6 = arccos(— %) =120°

, , L 11 1 1 1,
Kat o avtiototyog aovag meptotporg etvat k= (T —————+—
3723 2723 2

34
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[Tapadetypa 2: T'ovia otpo@rig Kat 10000Vapog asovag

Eva mhaicio {B} éyer mpoéhbel and éva miaicio {A} pe 600 otpopés. H mpdt otpoen
yiveton yopw amd éva yevikevpévo a&ova k katd yovia 0 ko n dedtepn otpoen YOpw omd tov
ad&ova z Tov Kvovpevov mhoucsiov katd yovia @. O yevikeopévog a&ovag k mpoxvmtel and v

oTpoPn Tov GEova y tov {A} yOpw and Tov Z KoTd Yovia .

R {A}>{B}
ab Rot(k,0)
R, = Rot(k,0)Rot(z, ) Rotiz, &)
aovac k=otpodr katd Rot(z, ) Tou aova y tou {A}
0 cosy —siny 00 =S, k.
y=|1] k=|siny cosy O0f1|=|c, |=|k,
0 0 0 10 0 k,
2
SyVo TCo  —SyCyVo CySecy —S4 O
Rap (W,0,0)=| —s,,c Vg cﬁ,ve +Co SySp Sy €4 O
—CySp — Sy, Sg Co 0 0 1
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36 Pacovrig [avvng
___________________________________________________________________________________________________________________________|

Leonhard Euler (1707-1783) was a Swiss mathematician and physicist who dominated eighteenth
century mathematics. He was a student of Johann Bernoulli and applied new mathematical tech-
niques such as calculus to many problems in mechanics and optics. He also developed the func-
tional notation, y = F(x), that we use today. In robotics we use his rotation theorem and his equa-

tions of motion in rotational dynamics.
He was prolific and his collected works fill 75 volumes. Almost half of this was produced dur-

ing the last seventeen years of his life when he was completely blind.

It is common practice to refer to all 3-angle representations as Euler angles but this
is underspecified since there are twelve different types to choose from. The par-
ticular angle sequence is often a convention within a particular technological field.
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