
Kef�laio �

GENIKEUMENES NEUTWNEIES

ROES

��� Eisagwg�

S��na Neut�neio reust� to ix�dec � exart�tai m�no ap� th jermokras�a� thn p�esh
kai th s�stash tou reusto�	 Sto bibl�o aut� mac endiaf�roun m�no oi is�jermec ro�c
op�te h isqur
 ex�rthsh tou ix�douc ap� th jermokras�a den emfan�zetai	 Ep�shc
den mac endiaf�roun ro�c stic opo�ec parathre�tai metabol
 thc qhmik
c s�stashc

 thc fusik
c kat�stashc en�c reusto�	 T�loc� sth genik
 per�ptwsh� h ex�rthsh
tou ix�douc ap� thn p�esh e�nai asjen
c	 Gi� �louc auto�c touc l�gouc jewro�same
to ix�dec en�c Neut�neiou reusto� stajer�	 Gia mhdenik� diastaltik� ix�dec� h
katastatik
 ex�swsh en�c Neut�neiou reusto� pa�rnei thn morf
�
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Upenjum�zoume ton anagn�sth �ti ru e�nai o tanust�c kl�sewn thc taq�thtac
�velocity	gradient tensor kai
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o tanust�c rujm�n param�rfwshc �rate	of	deformation tensor	
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Sq�ma ���� Apl� ro� di�tmhshc�

H ex�swsh ��	� e�nai genik
 me thn �nnoia �ti isq�ei gia sumpiest
 ro
	 Se
asump�esth ro
� r � u��� kai �tsi h ��	� an�getai sth gnwst
 mac ex�swsh�
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Neut�neio

Yeudoplastik�

Diastaltik�

Bingham

Neut�neio

Yeudoplastik�

Diastaltik�
Bingham

Sq�ma ���� Tupik�c reologik�c kamp�lec kai fain�mena ix�dh genikeum�nwn Neut�neiwn reust�n�

Sthn per�ptwsh thc apl�c ro�c di�tmhshc �simple shear �ow pou fa�netai sto
Sq
ma �	�� h ex�swsh ��	� an�getai ston n�mo ix�douc tou Newton �Newtons
law of viscosity�

�yx � �
dux
dy
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H apl
 ro
 di�tmhshc e�nai ep�shc gnwst
 wc ep�pedh ro� Couette �plane Cou	
ette �ow	 Aut
 e�nai h pio koin
 ixwdometrik� m�jodoc �viscometric �ow� �pou
metro�me thn diatmhtik
 t�sh ��j�yxj gia di�forec tim�c tou leg�menou rujmo�
di�tmhshc �shear rate or shear strain rate�

�� �

�����duxdy
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�Etsi o n�moc tou Newton pa�rnei ep�shc th bajmwt
 morf
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To di�gramma thc � sunart
sei tou rujmo� di�tmhshc �� e�nai mia euje�a gramm
 pou
di�rqetai ap� thn arq
 twn ax�nwn� �pwc fa�netai grafik� sto Sq
ma �	�	 H kl�sh
thc euje�ac aut
c dhlad
 o l�goc �� �� mac d�nei ex orismo� to ix�dec	 An ta peirama�
tik� shme�a den br�skontai se mia t�toia euje�a gramm
 all� se mia kamp�lh �pou o
l�goc �� �� den e�nai stajer�c� l�me �ti to reust� epideikn�ei mh�Neut�neia sumpe�
rifor�	 O l�goc �� �� or�zei to leg�meno fain�meno ix�dec �apparent viscosity�
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Mia pr�th prosp�jeia perigraf
c mh Neut�neiwn reust�n e�nai h pio k�tw gen��
keush tou n�mou ix�douc tou Newton�

� � �� ��� �� � �����

Reust� pou upako�oun �na n�mo thc morf
c ��	�� �pou to fain�meno ix�dec den
e�nai pl�on stajer� all� sun�rthsh tou rujmo� di�tmhshc ��� kalo�ntai genikeum�na
Neut�neia reust� �generalized Newtonian �uids	

Tr�a tupik� parade�gmata genikeum�nwn Neut�neiwn reust�n fa�nontai sto Sq
ma
�	��
�a Yeudoplastik� reust� �pseudoplastic �uids	 S�aut� to ix�dec elatt�ne�
tai me ton rujm� di�tmhshc	 To fain�meno aut� e�nai gnwst� san reol�ptunsh 

reoara�wsh �shear thinning	 Ta reust� aut� kalo�ntai ep�shc sustaltik� 
 reo�
ekleptun�mena 
 reoaraio�mena �shear	thinning �uids	
�b Diastaltik� reust� �dilatant �uids	 To ix�dec aux�netai me ton rujm�
di�tmhshc	 To fain�meno aut� e�nai gnwst� san reop�qunsh 
 reop�knwsh �shear
thickening	 Ta reust� aut� ta opo�a den e�nai t�so sunhjism�na �so ta yeudopla�
stik� kalo�ntai ep�shc reopukno�mena 
 reopaqun�mena �shear	thickening �uids	
�g Ixwdoplastik� reust� �viscoplastic �uids	 To qarakthristik� aut�n twn
reust�n e�nai �ti gia tim�c thc diatmhtik
c t�shc � mikr�terec ap� mia kr�simh tim

�� den parathre�tai ro
� dhlad
 h ro
 di�tmhshc e�nai mhd�n	 H kr�simh aut
 tim

e�nai gnwst
 wc t�sh diarro�c �yield stress	 E�nai faner� �ti gia mh mhdenik

t�sh diarro
c h kamp�lh � � ��� den pern� ap� thn arq
 twn ax�nwn	 An h � � ��� e�nai
grammik
� to reust� kale�tai reust� Bingham �Bingham �uid	

E�nai logik� na upoj�soume �ti to tanustik� an�logo thc bajmwt
c ex�swshc ��	�
ja e�nai thc morf
c

� � � ��D�D �

An �mwc to bajmwt� mh�Neut�neio ix�dec e�nai sun�rthsh tou tanust
 D� t�te
pr�pei na exart�tai ap� qarakthristik� meg�jh tou tanust
 pou e�nai anex�rthta ap�
to s�sthma suntetagm�nwn	 Ta qarakthristik� aut� meg�jh kalo�ntai anallo�wtec
�invariants tou tanust
	 �Ena s�nolo anex�rthtwn anallo�wtwn en�c tanust
 � e�nai
to pio k�tw��
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�pou ���� �� kai ���� ���	 �Etsi e�nai pio swst� na gr�youme �ti h katastatik

ex�swsh en�c genikeum�nou Neut�neiou reusto� sth morf
�
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h pr�th anallo�wth ID mhden�zetai se asump�esth ro
	 Ep�shc apodeikn�etai �ti h
tr�th anallo�wth IIID mhden�zetai se diatmhtik�c ro�c� op�te me thn paradoq
 �ti h
up� mel�th ro�c e�nai sqed�n diatmhtik�c mporo�me na amel
soume thn ex�rthsh tou
ix�douc kai ap� aut
 thn anallo�wth	 Sunep�c mporo�me na jewr
soume �ti �gia
asump�esth ro
 to ix�dec � e�nai sun�rthsh m�no thc IID�
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Epeid
 o tanust
c D e�nai summetrik�c �qoume
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�Etsi se kartesian�c suntetagm�nec pa�rnoume
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Omo�wc se kulindrik�c suntetagm�nec isq�ei h
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Sun
jwc or�zoume to m�tro �magnitude tou tanust� rujm�n param�rfwshc wc
ex
c
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q
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kai gr�foume

� � � �� ���D � ������

Gia to m�tro tou D �qoume loip�n�
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Isq�oun oi pio k�tw ekfr�seic se kartesian�c kai kulindrik�c suntetagm�nec ant��
stoiqa�
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Sthn per�ptwsh thc apl
c ro
c di�tmhshc h ��	�� aplopoie�tai ston gnwst� mac
rujm� di�tmhshc
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�To m�tro en�c tanust� e�nai sthn pragmatik�thta h eukle�deia n�rma tou ant�stoiqou tetragwniko� p�naka�
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Parathro�me loip�n �ti h bajmwt
 ex�swsh ��	� isq�ei genik� gia ta m�tra � kai ��	
Aut
 qrhsimopoie�tai suqn� sth bibliograf�a ant� thc tanustik
c ex�swshc ��	��	

Shmei�noume �ti gia to m�tro tou � se kartesian�c kai kulindrik�c suntetagm�nec
�qoume apl��
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Sthn per�ptwsh thc apl
c ro
c di�tmhshc oi m�nec mh mhdenik�c sunist�sec tou �

e�nai oi ��sec metax� touc �yx kai �xy	 �Etsi pa�rnoume th diatmhtik
 t�sh

� �
q
� �yx � j�yxj

thn opo�a qrhsimopoi
same sthn prohgo�menh mac suz
thsh kai sth bajmwt
 ex�swsh
��	�	

Par�deigma 	
�
�
 To mont�lo Reiner�Rivlin
An jewr
soume �ti o olik�c tanust
c t�sewn � exart�tai m�no ap� ton tanust

rujm�n param�rfwshc�

� � f�D� �

kai anapt�xoume th sun�rthsh f se seir� Taylor �qoume

� � f�D
� 
 f�D

� 
 f�D
� 
 f�D

� 
 � � �
Parathro�me �ti D��I kai �ti gia asump�esth ro
 f���p	 Ap� to Je�rhma Cayley	
Hamilton gnwr�zoume �ti oi tanust�c Dk me k � � mporo�n na ekfrasto�n san gram�
miko� sunduasmo� twn I� D kai D�	 �Ara mporo�me na gr�youme

� � �pI 
 ���D 
 ����D�� � ������

�pou ta �� kai �� e�nai bajmwt�c par�metroi twn anallo�wtwn tou tanust
 rujm�n
param�rfwshc D	 Me thn up�jesh thc asump�esthc ro
c h pr�th anallo�wth ID
e�nai mhd�n kai �tsi

� � �pI 
 ���IID� IIID��D 
 ���IID� IIID���D�� � ������

H pio p�nw ex�swsh e�nai gnwst
 san katastatik� ex�swsh Reiner�Rivlin	 To
Neut�neio reust� antistoiqe� sthn eidik
 per�ptwsh �pou ���IID� IIID��� kai ����	
Epeid
 gia mh mhdenik� �� epitr�pei thn an�ptuxh k�jetwn t�sewn sth m�nimh ro

di�tmhshc oi opo�ec �mwc den antistoiqo�n� o�te kan poiotik�� stic peiramatik�c en�
de�xeic	 Gi�aut� ton l�go to �� t�jetai sun
jwc �so me mhd�n kai �tsi gr�foume�

� � �pI 
 ��IID� IIID��D � ������
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log �

log ��

Neut�neio
�n � ��

Yeudoplastik�
�n � ��

Diastaltik�
�n � ��

Sq�ma ���� Logarijmik� diagr�mmata tou ix�douc ekjetik�n reust�n gia di�forec tim�c tou
ekj�th n�

Epeid
 t�loc h ex�rthsh tou � ap� thn IIID e�nai amelht�a se diatmhtik�c ro�c br�s�
koume �ti

� � �pI 
 ��IID��D ������

kai
� � ��IID��D � ������

�

��� Genikeum�na Neut�neia mont�la

	
�
� O ekjetik�c n�moc

H pio apl
 genikeum�nh Neut�neia katastatik
 ex�swsh e�nai o ekjetik�c n�moc
�power	law o opo�oc e�nai ep�shc gnwst�c wc mont�lo twn Ostwald kai de Waele�

� � k ��n ������

�pou k e�nai o leg�menoc de�kthc sun�feiac �consistency index me mon�dec Pasn

kai n o ekj�thc pou e�nai adi�statoc	 Ta reust� pou upako�oun ton ekjetik� n�mo
e�nai gnwst� wc ekjetik� reust� �power	law �uids	 Gia n�� kai k�� o ekjetik�c
n�moc an�getai ston n�mo tou Ne�twna	

Gia to fain�meno ix�dec isq�ei

�� ��� � k ��n�� � ������
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log �

log ��

Separan ��

Sapo�ni

Polu�soboutul�nio

Polustur�nio

Sq�ma ���� Diagr�mmata ix�douc tri�n polumerik�n dialum�twn kai en�c dial�matoc sapounio�
�R�B� Bird� R�C� Armstrong� and O� Hassager	 Dynamics of Polymeric Liquids	 John Wiley � Sons�

New York� ����
�

Parathro�me �ti gia n 
 � to ix�dec mei�netai me ton rujm� di�tmhshc �yeudoplasti�
k� reust� en� to ant�jeto sumba�nei gia n � � �diastaltik� reust�	 H sumperifor�
tou mont�lou fa�netai sto Sq
ma �	�	 O ekjetik�c n�moc qarakthr�zetai gia thn
apl�tht� tou afo� perilamb�nei m�no d�o param�trouc all� parousi�zei tr�a sobar�
meionekt
mata�

�	 Sthn per�ptwsh yeudoplastiko� reusto� �n 
 � probl�pei apeirism� tou ix��
douc gia mhdenik� rujm� di�tmhshc �kai mhdenism� tou gia �peiro rujm� di�tm�
hshc	 Sthn pr�xh �mwc to ix�dec mhdeniko� rujmo� di�tmhshc e�nai fusik�
peperasm�no en� se yhlo�c rujmo�c di�tmhshc to ix�dec poll�n aiwrhm�twn
kai arai�n polumerik�n dialum�twn e�nai Neut�neio� dhl	 stajer�	 Me diafo�
retik� l�gia� gia pragmatik� reust�� o ekj�thc n den e�nai stajer�c se �lo to
e�roc twn tim�n tou rujmo� di�tmhshc	

�	 Oi diast�seic tou de�kth sun�feiac k exart�ntai ap� ton ekj�th n	 Ep�shc�
epeid
 den mporo�me na or�soume qarakthristik� ix�dec� to ekjetik� mont�lo
parousi�zei duskol�ec kat� thn adiastatopo�hsh twn exis�sewn pou di�poun mia
ro
	

�	 E�nai ad�nath h susq�tish twn param�trwn k kai n me to moriak� b�roc kai th
sugk�ntrwsh	

Parade�gmata diagramm�twn ix�douc merik�n pragmatik�n reust�n fa�nontai sto
Sq
ma �	�	 Se �lec tic peript�seic to ix�dec e�nai Neut�neio gia mikro�c rujmo�c
di�tmhshc kai �tsi to ix�dec mhdeniko� rujmo� di�tmhshc e�nai peperasm�no	 Den
parathre�tai de�terh perioq
 stajero� ix�douc se uyhlo�c rujmo�c di�tmhshc �qi



���� Genikeum�na Neut�neia mont�la 	

log �

log ��

log ��

log ��

Ekjetik� reust�

�� ��� � k ��n�� me k � ���
n��

Mont�lo Carreau

�� ������ � �� � ��

� � �� ����

����n���

Sq�ma ���� Logarijmik� di�gramma tou ix�douc gia to mont�lo Carreau�

epeid
 den up�rqei all� epeid
 oi metr
seic �ginan se sqetik� qamhlo�c rujmo�c
di�tmhshc	

L�gw tou apeirismo� tou ix�douc gia mhdenik� rujm� di�tmhshc to ekjetik� mo�
nt�lo den mpore� na qrhsimopoihje� se arijmhtik�c prosomoi�seic	 E�nai �mwc arket�
dhmofil�c giat� epitr�pei thn e�resh analutik
c l�shc se arket�c apl�c all� endia�
f�rousec ro�c	

	
�
� To mont�lo Carreau

To mont�lo tou Carreau�

�� ��� � �� 

�� � ��

�� 
 �� ��������n���
������

peri�qei t�sseric param�trouc� to ix�dec mhdeniko� rujmo� di�tmhshc ��� to ix�dec
�peirou rujmo� di�tmhshc ��� th qronik
 stajer� � kai thn par�metro n h opo�a anti�
stoiqe� ston ekj�th n tou ekjetiko� mont�lou	 Gia ���� to mont�lo Carreau an�getai
sto Neut�neio mont�lo me �� ������	 Gia ���� kai meg�louc rujmo�c di�tmhshc

�� ��� � ��
�� �����n

� ���
n�� ��n�� �

op�te to mont�lo Carreau an�getai sto ekjetik� me

k � ���
n�� � ������

H sumperifor� tou mont�lou fa�netai sto Sq
ma �	�� se mikro�c kai pol� meg�louc
rujmo�c di�tmhshc to ix�dec e�nai stajer� kai �so me �� kai �� ant�stoiqa	 Se mia
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Diastaltik�
�n � ��

Neut�neio
n � �

Yeudoplastik�
�n � ��

�
�� � �� � � ��

� � �� � k ��n� � � ��

Sq�ma ��	� Sumperifor� tou mont�lou Herschel�Bulkley gia di�forec tim�c tou ekj�th n�

endi�mesh perioq
 �qoume met�bash ap� to �� sto �� kai h kamp�lh prosegg�zei thn
ant�stoiqh tou ekjetiko� mont�lou me k����n��	

To mont�lo Carreau perigr�fei kal�tera ta reologik� dedom�na poll�n polume�
r�n ta opo�a qarakthr�zontai ap� thn �parxh plat� se qamhlo�c rujmo�c di�tmhshc	
Gia par�deigma� oi suneqe�c kamp�lec sto Sq
ma �	� pro�kuyan me prosarmog� ��t	
ting tou mont�lou auto� sta ant�stoiqa peiramatik� dedom�na	 To mont�lo e�nai
ep�shc idia�tera qr
simo se arijmhtik�c prosomoi�seic afo� den prokale� tic dusko�
l�ec s�gklishc pou qarakthr�zoun to ekjetik� reust�	 �Eqei �mwc to meion�kthma
�ti den epitr�pei thn �parxh analutik�n l�sewn ak�mh kai se apl�c ro�c	

O Yasuda gen�keuse to mont�lo tou Carreau me thn eisagwg
 miac p�mpthc para�
m�trou �

�� ��� � �� 

�� � ��

�� 
 �� ��������n���
� ������

To mont�lo aut� e�nai gnwst� wc mont�lo Carreau�Yasuda	 H adi�stath par�me�
troc  kajor�zei th met�bash ap� thn arqik
 perioq
 stajero� ix�douc sthn perioq

ekjetik
c metabol
c �gia endi�mesec tim�c tou rujmo� di�tmhshc ��	

�Ena �llo mont�lo pou moi�zei arket� me aut� tou Carreau afo� peri�qei akrib�c
tic �diec param�trouc e�nai to mont�lo Cross�

�� ��� � �� 

�� � ��

� 
 �� �����n
� ������

�Opwc kai to mont�lo Carreau� gia ���� to mont�lo Cross an�getai sto Neut�neio



���� Genikeum�na Neut�neia mont�la ��

mont�lo me �� ������� en� gia ����� n 
 � kai meg�louc rujmo�c di�tmhshc

�� ��� � ��
�� �����n

� ���
n�� ��n�� �

op�te to mont�lo Cross an�getai sto ekjetik� me

k � ���
n�� � ������

	
�
 To mont�lo Bingham kai �lla ixwdoplastik� mont�la

To mont�lo tou Bingham e�nai to pio apl� ixwdoplastik� mont�lo	 Perilamb�nei
d�o param�trouc� thn t�sh diarro�c �� kai thn param�tro ix�douc k�

��
��

�� � � � � � ��

� � �� 
 k �� � � � ��
������

Gia ����� to mont�lo an�getai sto Neut�neio me ��k	 Gia tim�c thc diatmhtik
c t�shc
mikr�terec 
 �sec thc t�shc diarro
c ��� o rujm�c param�nei mhdenik�c� pr�gma pou
shma�nei �ti den up�rqei ro
	 To mont�lo Bingham probl�pei apeirism� tou ix�douc
gia � � �� kai e�nai asuneq�c���

��
� � � � � � ��

� � ��
�� 
 k � � � ��

������

Mia gen�keush tou mont�lou Bingham e�nai to mont�lo twn Herschel�Bulkley	
Aut� sundu�zei ousiastik� to mont�lo Bingham me to ekjetik� mont�lo���

��
�� � � � � � ��

� � �� 
 k ��n � � � ��

������

To mont�lo Herschel	Bulkley epitr�pei thn perigraf
 ixwdoplastik�n reust�n pou
emfan�zoun reol�ptunsh �n 
 � 
 reop�knwsh �n � ��	 Gia n��� aut� an�getai
profan�c sto mont�lo Bingham	 H sumperifor� tou mont�lou auto� fa�netai sto
Sq
ma �	�	

Ta mont�la Bingham kai Herschel	Bulkley perigr�foun ikanopoihtik� th sumpe�
rifor� arket�n ulik�n ��pwc h odont�krema� h magion�za� to ketchup� to bo�turo�
aiwr
mata di�forwn stere�n� mpogi�c ka	 Ep�shc epitr�poun thn analutik
 l�sh ar�
ket�n stoiqeiwd�n ro�n	 L�gw thc asun�qei�c touc �mwc e�nai d�skolh h qr
sh touc
sthn arijmhtik
 ep�lush twn exis�sewn k�nhshc	 Gia na apof�gei aut� to pr�blhma o
Papanastas�ou �K�prioc kajhght
c sta Panepist
mia Michigan kai Jessalon�khc
exom�lune to mont�lo Bingham eis�gontac �na ekjetik� �ro pou epitr�pei thn omal

�kai suneq
 met�bash ap� thn arq
 twn ax�nwn sthn grammik
 perioq
�

� � �� �� � exp��m ���� 
 k �� � ������
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�

��

��

Mont�lo
Bingham

Mont�lo
Papanastas�ou

A�xhsh tou m

������� exp��m ���	 � k ��

Sq�ma ���� Sumperifor� tou mont�lou Papanastas�ou�

H tanustik
 morf
 tou mont�lou tou Papanastas�ou �qei wc ex
c�

� �

�
�� �� � exp��m ����

��

 k

�
��D� � ������

�pou ���
p
�IID	

H sumperifor� tou mont�lou tou Papanastas�ou fa�netai sto Sq
ma �	�	 Me
thn a�xhsh thc tim
c thc param�trou m h reologik
 kamp�lh prosegg�zei periss�tero
thn asuneq
 kamp�lh tou mont�lou Bingham	 H ep�ktash tou mont�lou Papanasta�
s�ou sthn per�ptwsh reusto� Herschel	Bulkley e�nai apl
�

� � �� �� � exp��m ���� 
 k ��n � ������

To mont�lo Papanastas�ou �qei kataste� pol� dhmofil�c ta teleuta�a qr�nia kai
�qei qrhsimopoihje� gia thn thn arijmhtik
 ep�lush poll�n shmantik�n problhm�twn
ixwdoplastik�n ro�n	

�Ena �llo ixwdoplastik� mont�lo e�nai to mont�lo Casson�

��
��

�� � � � � � ��

p
� �

p
�� 


p
k �� � � � ��

������

To mont�lo aut� epideikn�ei mia bajmia�a met�bash proc th Neut�neia perioq
 kai
qrhsimopoie�tai gia na perigr�yei di�fora reust� �pwc to a�ma kai di�fora tr�fima	



��	� Monodi�statec euj
grammec ro�c se kartesian�c suntetagm�nec ��

Sto Kef�laio � melet
same susthmatik� tic shmantik�terec peript�seic monoka�
teujuntik�n Neut�neiwn ro�n� kai br
kame tic ant�stoiqec aplopoihm�nec morf�c twn
exis�sewn k�nhshc kaj�c kai th genik
 l�sh gia th mh mhdeniz�menh sunist�sa thc
taq�thtac	 �Upenjum�zoume �ti� stic monokateujuntik�c ro�c� d�o sunist�sec thc ta�
q�thtac mhden�zontai ex orismo�	 Stic paragr�fouc pou akoloujo�n ja jewr
soume
ek n�ou tic �diec monokateujuntik�c ro�c gia genikeum�na Neut�neia reust� kai ja
bro�me tic ant�stoiqec aplopoihm�nec exis�seic	

��� Monodi	statec euj
grammec ro�c se kartesian�c suntetag�
m�nec

Me tic paradoq�c

uy � uz � � �
�ux
�z

� � kai
�p

�x
� const� �

�qoume ux � ux�y� t�	 Oi m�nec mh mhdenik�c sunist�sec tou tanust
 rujm�n para�
m�rfwshc e�nai oi

Dyx � Dxy �
�

�

�ux
�y

������

kai �tsi oi m�nec mh mhdenik�c sunist�sec tou tanust
 t�sewn e�nai oi

�yx � �xy � ��� ���Dyx � �� ���
�ux
�y

������

�pou

�� �

vuut��ux
�y

��

�

������ux�y

����� � ������

H x�sunist�sa thc ex�swshc diat
rhshc thc orm
c aplopoie�tai wc ex
c�

�
�ux
�t

� ��p

�x



��yx
�y


 � gx � ������

Sthn per�ptwsh m�nimhc ro
c� ux�ux�y�� op�te

��p

�x



d�yx
dy


 � gx � � � ������

Oloklhr�nontac thn pio p�nw ex�swsh br�skoume�

�yx �

�
�p

�x
� � gx

�
y 
 c� � ������
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Paradoq�c�

uy � uz � �� �ux
�z ��� �p

�x�const�

Ex�swsh sun�qeiac�
�ux
�x

� � �� ux � ux�y�

x�sunist�sa�

��p
�x



d�yx
dy


 �gx � �

y�sunist�sa�

��p
�y


 �gy � �

z�sunist�sa�

��p�z 
 �gz � �

Genik� l�sh�

�yx �
�
�p
�x

� �gx

�
y 
 c�

p � �p
�x x
 �gyy 
 �gzz 
 c

Genikeum�no Neut�neio reust��

�yx � �� ��� dux
dy

�pou �� � jdux
dy
j ��

�� ��� dux
dy

�
�
�p
�x

� �gx

�
y 
 c�

P�nakac ���� Exis�seic k�nhshc	 genik� l�sh gia th diatmhtik� t�sh kai thn p�esh kai di�pousa
ex�swsh gia thn taq�thta gia st�simh monodi�stath euj�grammh ro� genikeum�nou Neut�neiou
reusto� se kartesian�c suntetagm�nec�



��	� Monodi�statec euj
grammec ro�c se kartesian�c suntetagm�nec ��

�pou c� stajer� pou prosdior�zetai ap� tic sunoriak�c sunj
kec tou probl
matoc
ro
c	 Shmei�noume �ti oi exis�seic ��	�� kai ��	�� kaj�c kai h l�sh ��	�� gia th
diatmhtik
 t�sh isq�oun gia k�je reust�	 Sthn per�ptwsh genikeum�nhc Neut�neiac
ro
c

�yx � �� ���
dux
dy

� ������

kai �tsi gia thn taq�thta ux prok�ptei h pio k�tw SDE�

�� ���
dux
dy

�

�
�p

�x
� � gx

�
y
 c� � ������

�pou

�� �

�����duxdy

����� � ������

Ston P�naka �	� fa�nontai oi basik�c paradoq�c� oi exis�seic k�nhshc� h genik

l�sh gia th diatmhtik
 t�sh kai thn p�esh kai h di�pousa ex�swsh gia thn taq��
thta gia st�simh monodi�stath euj�grammh ro
 genikeum�nou Neut�neiou reusto� se
kartesian�c suntetagm�nec	

Par�deigma 	

�
 Ep�pedh ro� Couette gia genikeum�no Neut�neio reust�
Jewro�me th m�nimh ro
 metax� d�o �peirwn par�llhlwn plak�n	 H ap�stash twn
d�o plak�n e�nai H kai h �nw pl�ka kine�tai me stajer
 taq�thta V 	 H gewmetr�a
thc ro
c aut
c fa�netai sto Sq
ma �	�	 Me dedom�no �ti h bajm�da p�eshc e�nai mhd�n
kai jewr�ntac thn bar�thta sth die�junsh twn x ep�shc mhd�n� ap� th genik
 l�sh
��	�� prok�ptei �ti h diatmhtik
 t�sh e�nai stajer
�

�yx � c� � ������

To pio p�nw apot�lesma isq�ei gia opoiod
pote reust�	 Gia genikeum�no Neut�neio
reust� h diatmhtik
 t�sh d�netai ap� thn

�yx � �� ���
dux
dy

kai �tsi gia thn ap�lut
 thc tim
 � isq�ei

� � ��� � j�yxj �
������� ��� duxdy

����� � �� ��� �� � jc�j ��

� � ��� � �� ��� �� � const� ������

An h diatmhtik
 t�sh e�nai mon�tonh �a�xousa sun�rthsh tou rujmo� di�tmhshc�
t�te se mia stajer
 tim
 thc � antistoiqe� mia tim
 gia ton rujm� di�tmhshc	 �Ara

�� �

�����duxdy

����� � const� �� dux
dy

� c� ��
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ux � c�y 
 c� �

�pou oi �gnwstec stajer�c c� kai c� mporo�n na upologisto�n ap� tic sunoriak�c
sunj
kec�
�i Gia y��� ux�� kai �tsi c���	
�ii Gia y�H� ux�V kai �tsi c��V�H	
�Etsi h taq�thta d�netai ap� th gnwst
 mac sq�sh�

ux �
y

H
V � ������

H pio p�nw grammik
 sq�sh isq�ei loip�n gia k�je genikeum�no Neut�neio reust� me
thn pro�p�jesh �ti h katastatik
 ex�swsh ��� � ��� e�nai mon�tonh	

H diatmhtik
 t�sh pou aske�tai ap� to reust� sthn �nw pl�ka e�nai

�w � ��yxjy�H � ��� ��� V
H

� ������

�pou profan�c ���c��V�H	 To arnhtik� pr�shmo ofe�letai sto �ti h �nw pl�ka
bl�pei proc sta arnhtik� y	

Parat�rhsh �
H l�sh ��	�� gia thn taq�thta isq�ei kai gia reust� Bingham me thn pro�p�jesh
�ti h �nw pl�ka kine�tai	 Aut� �mwc sumba�nei m�no an h asko�menh sthn pl�ka
diatmhtik
 t�sh e�nai megal�terh ap� thn t�sh diarro
c ��	 Diaforetik�� an dhlad

� � ��� h pl�ka m�nei ak�nhth op�te den �qoume ro
 kai ����� �pwc probl�petai ap�
to mont�lo	

Parat�rhsh �
H l�sh ��	�� e�nai monadik
 me thn pro�p�jesh �ti h katastatik
 ex�swsh

� � ��� � �� ��� ��

e�nai mon�tonh	 S�aut
 thn per�ptwsh gia mia stajer
 tim
 � thc diatmhtik
c t�shc
antistoiqe� mia tim
 ���V�H gia ton rujm� di�tmhshc� �pwc fa�netai sto Sq
ma �	�a	
H tim
 thc �� e�nai profan�c h kl�sh thc katanom
c thc taq�thtac	

An �mwc h katastatik
 ex�swsh den e�nai mon�tonh� t�te sth stajer
 tim
 thc
diatmhtik
c t�shc antistoiqo�n periss�terec apodekt�c tim�c gia ton rujm� di�tmh�
shc	 Gia par�deigma sto Sq
ma �	�b� ekt�c ap� thn tim
 ���V�H up�rqoun epipl�on
d�o �llec apodekt�c tim�c� oi ��� kai ���	 Mporo�me t�te na kataskeu�soume jewr�
htik� �peiro pl
joc kat� tm
mata grammik�n katanom�n thc taq�thtac me kl�seic
���V�H� ��� kai ��� front�zontac na ikanopoio�ntai oi sunoriak�c sunj
kec ux�����
kai ux�H��V 	 Treic t�toiec l�seic fa�nontai sto par�deigma tou Sq
matoc �	�b	
Apodeikn�etai p�ntwc �ti e�nai astaje�c� dhlad
 den parathro�ntai sthn pr�xh� �sec
l�seic perilamb�noun tm
mata me kl�sh pou antistoiqe� sthn perioq
 �pou to di��
gramma thc � � ��� fj�nei	 Wst�so to pl
joc twn eustaj�n l�sewn param�nei �peiro	



��	� Monodi�statec euj
grammec ro�c se kartesian�c suntetagm�nec ��

��������������������������

�������������������������� ��������������������������

��������������������������

�

��

�

���� � V
H

�� � V
H

��� ���

V V

Monadik	 l�sh

��

Apeiro

pl	joc l�sewn
���

���
���

���

��

�a� �b�

Sq�ma ��
� Sth m�nimh ep�pedh ro� Couette �qoume �a monadik� l�sh an h katastatik� ex�swsh
e�nai mon�tonh kai �b �peiro pl�joc l�sewn an aut� e�nai mh mon�tonh�

To fain�meno thc emf�nishc zwn�n diaforetiko� rujmo� di�tmhshc e�nai gnwst� sth
bibliograf�a san zwnopo�hsh rujm�n di�tmhshc �shear banding	 �

Par�deigma 	

�
 H diatmhtik� t�sh sthn ep�pedh ro� Poiseuille
Jewro�me thn m�nimh �dhlad
 pl
rwc aneptugm�nh ro
 metax� oriz�ntiwn� �peirwn�
par�llhlwn plak�n up� stajer
 kl�sh p�eshc	 H gewmetr�a thc ro
c fa�netai sto
Sq
ma �	��	 H ap�stash metax� twn d�o plak�n e�nai �H� h ro
 e�nai sthn kate��
junsh twn x kai h arq
 ton ax�nwn e�nai sto ep�pedo summetr�ac thc ro
c	 Jewr�n�
tac �ti h bar�thta e�nai amelht�a ap� thn ��	�� br�skoume �ti h diatmhtik
 t�sh gia
opoiod
pote reust� d�netai ap� thn

�yx �
�p

�x
y 
 c� �

Mporo�me sto shme�o aut� na efarm�soume thn sunoriak
 sunj
kh sto y��	 L�gw
thc summetr�ac

gia y � � �
dux
dy

� �


 diaforetik�
gia y � � � �yx � � �
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x

y
�H

ux�ux�y�

�yx

Sq�ma ����� Ep�pedh ro� Poiseuille� H katanom� thc diatmhtik�c t�shc e�nai grammik� gia k�je
reust�� �yx���p��x�y�

Sumpera�noume loip�n �ti c��� kai �tsi

�yx �
�p

�x
y � ������

To pio p�nw apot�lesma pou mac l�ei �ti h diatmhtik
 t�sh metab�lletai grammik�
isq�ei gia k�je reust�	 H diatmhtik
 t�sh pou aske�tai ap� to reust� sthn �nw
pl�ka e�nai�

�w � ��yxjy�H � ��p

�x
H � ������

E�nai qarakthristik� �ti h �w den exart�tai ap� to ix�dec	 �

E�dame sto pio p�nw par�deigma �ti h katanom
 thc diatmhtik
c t�shc �yx e�nai
anex�rthth tou reusto�	 Aut� beba�wc den isq�ei kai gia thn katanom
 thc taq�thtac
ux	 Sth sun�qeia ja bro�me thn ux gia d�o genikeum�na Neut�neia reust�� to ekjetik�
kai to reust� Bingham	

Par�deigma 	


 Ep�pedh ro� Poiseuille ekjetiko� reusto�
Gia ekjetik� reust� isq�ei

�yx � k ��n��
dux
dy

� k

�����duxdy

�����
n��

dux
dy

�

Epeid
 h ux e�nai a�xousa sto ��H� �� kai fj�nousa sto ���H� isq�ei�

�yx � k
�
dux
dy

�n
� �H � y � �

�yx � �k
�
�dux

dy

�n

� � � y � H

Sth sun�qeia ja ergasto�me sto di�sthma ���H�	 Antikajist�ntac sthn ��	�� pa�r�
noume�

�k
�
�dux

dy

�n

�
�p

�x
y �� dux

dy
� �

�
��

k

�p

�x

���n

y��n �
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grammec ro�c se kartesian�c suntetagm�nec �	

Oloklhr�nontac br�skoume�

ux � � n

n
 �

�
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k

�p

�x

���n

y��n	� 
 c�

H stajer� c� upolog�zetai efarm�zontac th sunj
kh mh ol�sjhshc sthn �nw pl�ka�
gia y�H� ux�� kai �tsi

c� �
n

n
 �

�
��

k

�p

�x

���n

H��n	� �

�Etsi h katanom
 thc taq�thtac d�netai ap� thn
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n
 �
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k

�p

�x

���n �
H��n	� � y��n	�

�
� ������

Gia n�� kai k��� h ��	�� an�getai sth Neut�neia katanom
�

ux � � �

��

�p

�x

�
H� � y�

�
�

H m�gisth tim
 thc taq�thtac e�nai sto ep�pedo summetr�ac �y���

ux�max �
nH

n
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k

�p

�x
H
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Mporo�me t�loc na upolog�soume thn ogkometrik
 paroq
 Q an� mon�da pl�touc
W �

Q

W
�

Z H

�H
ux dy � �

n
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 �
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�nH�

�n
 �

�
��

k

�p

�x
H
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J�tontac n�� kai k�� br�skoume to ant�stoiqo Neut�neio apot�lesma�

Q

W
� � �

��

�p

�x
H� �

H m�sh taq�thta e�nai

�ux �
Q
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�

nH

�n 
 �

�
��

k

�p

�x
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Sq�ma ����� Katanom�c thc taq�thtac gia di�forec tim�c tou ekj�th n se ep�pedh ro� Poiseuille

ekjetiko� reusto��

kai �tsi

ux
�ux

�
�n
 �

n
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�
� �

�
y

H

���n	�
�
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Sto Sq
ma �	�� fa�nontai oi katanom�c thc taq�thtac gia di�forec tim�c tou ekj�th
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 Ro� lepto� film reusto� Bingham se keklim�no ep�pedo
Jewro�me �na lept� film asump�estou reusto� Bingham pou r�ei se keklim�no ep�pedo
�pwc fa�netai sto Sq
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 tou reusto� Bingham pr�pei r� � R	 J�tontac
r��R br�skoume to kr�simo m�gisto p�qoc �� tou film gia to opo�o den emfan�zetai
diarro
 kai to film param�nei ak�nhto�

�R 
 ���� � R� �
���
�g

R ��

�� �

�s
� 


���
�g R

� �

�
R � ������

Ax�zei na shmei�soume �ti sthn per�ptwsh pol� lepto� film �pou �� 
 R� t�te
anagkastik� ja e�nai ������gR� 
 � kais

� 

���
�g R

� � � �

�

���
�g R

� � � ��
�g R

op�te
�� �

��
�g

� ������
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Aut� e�nai akrib�c to kr�simo p�qoc ep�pedou film pou br�sketai se katak�rufo
ep�pedo �bl	 Par�deigma �	�	�	

Jewro�me t�ra thn per�ptwsh �pou �qoume ro
 op�te r� � R	 H tim
 r� tou
shme�ou diarro
c upolog�zetai ap� thn ��	���

r� �
��
�g

�
�
vuut� 


�R
 ��� ��g�

� ��
� �

�
	 � �������

Epeid
 sthn perioq
 diarro
c �R � r � r� o rujm�c di�tmhshc duz�dr e�nai jetik�c
�qoume ap� thn katastatik
 ex�swsh Bingham

�rz � �� 
 k
duz
dr

�

Antikajist�ntac sthn ��	�� pa�rnoume thn

�� 
 k
duz
dr

�
�g

�

�
�R 
 ���

r
� r

�
�

h opo�a oloklhr�netai e�kola kai mac d�nei thn

uz �
�g

�k

h
��R 
 ��� ln r � r�

i
� ��

k
r 
 c� �

H stajer� olokl
rwshc c� upolog�zetai me efarmog
 thc sunj
khc mh ol�sjhshc sto
to�qwma �uz�� gia r�R

c� � ��g

�k

h
��R 
 ��� lnR � R�

i



��
k
R �

kai sunep�c

uz �
�g

�k

�
R� � r� 
 ��R 
 ��� ln

r

R

�



��
k
�R � r� � R � r � r� �

H tim
 uz�� thc uz sto shme�o diarro
c r� upolog�zetai e�kola me antikat�stash	
�Eqoume loip�n thn pio k�tw katanom
 thc taq�thtac�

uz �

���
���

�g
�k

h
R� � r� 
 ��R 
 ��� ln r

R

i

 ��

k
�R � r� � R � r � r�

�g
�k

h
R� � r�� 
 ��R 
 ��� ln r�R

i

 ��

k
�R � r�� � r� � r � �R 
 ��

�������
�

��� Mnimec peristrofik�c axonosummetrik�c ro�c

Jewro�me sthn par�grafo aut
 thn per�ptwsh peristrofik
c axonosummetrik
c ro
c
se kulindrik�c suntetagm�nec me m�nh mh mhdenik
 sunist�sa thc taq�thtac thn u�	
Me tic paradoq�c

ur � uz � � kai
�u�
�	

� �



��� M�nimec peristrofik�c axonosummetrik�c ro�c ��

h ex�swsh sun�qeiac ikanopoie�tai aut�mata	 Ep�shc oi sunist�sec Drr� D�� � Dzz �
Drz kai Dzr tou tanust
 rujm�n param�rfwshc kaj�c kai oi ant�stoiqec sunist�sec
tou tanust
 ixwd�n t�sewn mhden�zontai	 Jewr�ntac �ti

g � �g ez � �������

oi r� kai z� sunist�sec thc ex�swshc diat
rhshc thc orm
c aplopoio�ntai ant�stoiqa
wc ex
c�

�
u��
r

�
�p

�r
�������

kai
�p

�z

 �g � � � �������

Oloklhr�nontac thn ��	��� me thn paradoq
 �ti

�p

�	
� const�

br�skoume �ti
p � ��g z 
 c�r� t� �

Antikajist�ntac t�ra sthn ��	��� bl�poume �ti

u�� �
r

�

�c

�r
�r� t�

kai sumpera�noume �ti u��u��r� t�	 �Etsi oi m�nec mh mhdenik�c sunist�sec twn ta�
nust�n rujm�n param�rfwshc kai ixwd�n t�sewn e�nai ant�stoiqa oi

Dr� � D�r �
�

�
r
�

�r

�
u�
r

�
�������

kai

�r� � ��r � ��� ���Dr� � �� ��� r
�

�r

�
u�
r

�
�������

�pou

�� �

vuut�r �

�r

�
u�
r

���
� r

����� ��r
�
u�
r

������ � �������

H 	�sunist�sa thc ex�swshc diat
rhshc thc orm
c aplopoie�tai wc ex
c�

�
�u�
�t

�
�

r�
�

�r
�r��r�� � �������

Sthn per�ptwsh m�nimhc ro
c� u��u��r�� op�te

�

r�
d

dr
�r��r�� � �� �������
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Paradoq�c�

ur � uz � �� �u�
�	 ���

�p
�	��� g � �g ez

Ex�swsh sun�qeiac� Ikanopoie�tai aut�mata

	�sunist�sa�
�
r�

d
dr �r

� �r�� � �

z�sunist�sa�
�p
�z


 �g � �

r�sunist�sa�

�
u��
r � �p

�r
�� u� � u��r�

Genik� l�sh�

�r� � c�
r�

p � �
R u��
r dr � �g z 
 c

Genikeum�no Neut�neio reust��

�r� � �� ��� r d
dr

�
u�
r

�
�pou �� � r j ddr

�
u�
r

�
j ��

�� ��� r d
dr

�
u�
r

�
� c�

r�

P�nakac ���� Exis�seic k�nhshc	 genik� l�sh gia th diatmhtik� t�sh kai thn p�esh kai di��
pousa ex�swsh gia thn taq�thta gia st�simh peristrofik� axonosummetrik� ro� genikeum�nou
Neut�neiou reusto� se kulindrik�c suntetagm�nec�



��� M�nimec peristrofik�c axonosummetrik�c ro�c ��

Oloklhr�nontac br�skoume�

�r� �
c�
r�

� �������

�pou c� stajer� pou prosdior�zetai ap� tic sunoriak�c sunj
kec tou probl
matoc
ro
c	 Oi exis�seic ��	��� kai ��	��� kaj�c kai h l�sh ��	��� gia th diatmhtik

t�sh isq�oun gia k�je reust�	 Sthn per�ptwsh genikeum�nhc Neut�neiac ro
c

�r� � �� ��� r
d

dr

�
u�
r

�
�������

kai �tsi gia thn taq�thta u� prok�ptei h pio k�tw ex�swsh�

�� ��� r
d

dr

�
u�
r

�
�

c�
r�

� �������

�pou

�� � r

����� ddr
�
u�
r

������ � r

�����du�dr
� u�

r

����� � �������

Ston P�naka �	� fa�nontai oi basik�c paradoq�c� oi exis�seic k�nhshc� h genik

l�sh gia th diatmhtik
 t�sh kai thn p�esh kai h di�pousa ex�swsh gia thn taq�thta
gia st�simh peristrofik
 axonosummetrik
 ro
 genikeum�nou Neut�neiou reusto� se
kulindrik�c suntetagm�nec	

Par�deigma 	
�
�
 Ro� ekjetiko� reusto� metax� peristref�menwn kul�ndrwn
Jewro�me th ro
 ekjetiko� reusto� metax� katak�rufwn kul�ndrwn �peirou m
kouc	
O exwterik�c k�lindroc �qei akt�na R kai peristr�fetai g�rw ap� ton �xon� tou me
stajer
 gwniak
 taq�thta � en� o eswterik�c k�lindroc �qei akt�na �R me � 
 �
kai e�nai ak�nhtoc� �pwc fa�netai sto Sq
ma �	��	

�
R

�R

r

Sq�ma ����� Ro� metax� d�o kul�ndrwn� O exwterik�c k�lindroc peristr�fetai me gwniak� ta�
q�thta  en� o eswterik�c e�nai ak�nhtoc�

Ap� tic sunoriak�c sunj
kec

u� � � sto r � �R �������

u� � �R sto r � R �������
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parathro�me �ti h u��r e�nai a�xousa sto ��R�R� op�te

�� � r

����� ddr
�
u�
r

������ � r
d

dr

�
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�

kai gia ekjetik� reust�

�r� � �� ��� r
d

dr

�
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�
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�
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�
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r
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�

Antikajist�ntac sthn ��	��� �qoume
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�
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�
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r��n	�

�

Oloklhr�nontac br�skoume th genik
 l�sh�

u� � r
�
c� 


c�
r��n

�
�

Oi stajer�c c� kai c� upolog�zontai me efarmog
 twn sunoriak�n sunjhk�n ��	���
kai ��	����

c� �
�

� � ���n
kai c� � ����R���n

� � ���n

kai �tsi

u� �
�

� � ���n
r

�
� �

�
�R

r

���n�
� �������

Sthn eidik
 per�ptwsh tou Neut�neiou reusto� �n�� h pio p�nw ex�swsh g�netai

u� �
�

� � ��
r

�
� �

�
�R

r

���
�

H e�resh thc katanom
c thc p�eshc� p�r� z� af
netai san �skhsh	
�

Par�deigma 	
�
�
 Ro� ekjetiko� reusto� g�rw ap� peristref�meno k�lindro
Jewro�me t�ra th ro
 miac �peirhc l�mnhc ekjetiko� reusto� g�rw ap� katak�rufo
k�lindro akt�nac R o opo�oc peristr�fetai g�rw ap� ton �xon� tou me gwniak
 taq��
thta �� �pwc fa�netai sto Sq
ma �	��	

Ap� tic sunoriak�c sunj
kec

u� � �R sto r � R �������

u� � � gia r	� �������

parathro�me �ti h u��r e�nai fj�nousa sto �R��� op�te

�� � r

����� ddr
�
u�
r

������ � �r d

dr

�
u�
r

�



��� M�nimec peristrofik�c axonosummetrik�c ro�c ��

�
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R

z
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R

�

p�p�

z�
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Sq�ma ���
� Ro� l�mnhc reusto� g�rw ap� peristref�meno k�lindro� k�toyh kai morf� thc
eleuj�rhc epif�neiac�

kai gia ekjetik� reust�

�r� � �� ��� r
d

dr

�
u�
r

�
� �k rn

�
� d

dr

�
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Antikajist�ntac sthn ��	��� �qoume

�k rn
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dr
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dr

�
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c��
r��n	�

�

�pou to arnhtik� pr�shmo aporrof
jhke sth n�a stajer� c��	 H teleuta�a ex�swsh
�qei genik
 l�sh thn�

u� � r
�
c� 


c�
r��n

�
�

Ap� th sunoriak
 sunj
kh ��	��� sumpera�noume �ti c���� en� ap� thn ��	���
br�skoume�

c� � �R��n �

�Ara h katanom
 thc taq�thtac e�nai�

u� � �
�
R

r

���n
r � �������

Sthn eidik
 per�ptwsh tou Neut�neiou reusto� �n�� h pio p�nw ex�swsh an�getai
sthn

u� � �R� �

r
�

Ja bro�me t�ra thn katanom
 thc p�eshc	 Ap� tic r� kai z� sunist�sec thc
ex�swshc diat
rhshc thc orm
c �qoume�

�
u��
r

�
�p

�r
kai

�p
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 �g � �
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Sq�ma ����� Morf�c thc ele�jerhc epif�neiac l�mnhc ekjetiko� reusto� sthn opo�a peristr�fe�
tai katak�rufoc k�lindroc�

op�te

p � �
Z
u��
r
dr � �g z 
 c � �������

�pou c stajer� olokl
rwshc	 Antikajist�ntac thn u� kai oloklhr�nontac br�skoume

p�r� z� � � n

���� n�
��� R�

�
R

r

�
�n��

� �g z 
 c � �������

Gia n�� pa�rnoume to Neut�neio apot�lesma

p�r� z� � ��

�
��� R
 �

r�
� �g z 
 c �

Jewro�me t�ra thn ele�jerh epif�neia thc �peirhc l�mnhc tou ekjetiko� reusto�
sthn opo�a peristr�fetai o katak�rufoc k�lindroc �pwc fa�netai sto Sq
ma �	��	
Me amelht�a ep�drash thc epifaneiak
c t�shc� h p�esh sthn ele�jerh epif�neia e�nai
�sh me thn atmosfairik
 p�esh p�	 Gia na prosdior�soume th stajer� olokl
rwshc c�
jewro�me gnwst� to shme�o epaf
c tou kul�ndrou me thn ele�jerh epif�neia	 J�to�
ntac p�p� gia z�z� kai r�R� br�skoume

c �
n

��� � n�
��� R� 
 �g z� �

kai �tsi
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�
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Epeid
 h p�esh e�nai stajer
 sthn ele�jerh epif�neia� h ex�sws
 thc ja e�nai

p � p� � � �� n

��� � n�
��� R�

�
� �

�
R

r

�
�n��
�
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R���

g

�
� �

�
R

r

�
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E�nai faner� �ti gia n 
 � h ele�jerh epif�neia anuy�netai kaj�c to r aux�nei kai
prosegg�zei asumptwtik� thn tim


z� � z� 

n

���� n�

R���

g
�

Sto Sq
ma �	�� d�noume tic morf�c thc ele�jerhc epif�neiac gia di�forec tim�c tou
ekj�th n	 Parathro�me �ti h an�ywsh thc ele�jerhc epif�neiac mei�netai me ton
ekj�th n	 �Etsi sthn per�ptwsh diastaltik�n reust�n �n � �� �qoume megal�terh
an�ywsh ap��ti sthn Neut�neia per�ptwsh	 Parathro�me ep�shc �ti gia ton ekj�th
up�rqei o periorism�c n 
 � �giat��	

�

Par�deigma 	
�

 Ro� ekjetiko� reusto� se peristref�meno k�lindro
Jewro�me t�ra th ro
 ekjetiko� reusto� se katak�rufo k�lindro akt�nac R o opo�oc
peristr�fetai g�rw ap� ton �xon� tou me gwniak
 taq�thta �� �pwc fa�netai sto
Sq
ma �	��	

�

r

R

z

r

R

�

p�p�

z�

Sq�ma ����� Ro� reusto� se peristref�meno k�lindro� k�toyh kai morf� thc eleuj�rhc epif��
neiac�

Ap� thn ��	��� gnwr�zoume �ti

�r� �
c�
r�

�
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Epeid
 m�no peperasm�nec tim�c thc �r� e�nai apodekt�c� h stajer� c� e�nai anagka�
stik� �sh me mhd�n kai �tsi

�r� � � �

Ap� thn katastatik
 ex�swsh tou ekjetiko� reusto� �qoume t�te

�r� � �� ��� r
d

dr

�
u�
r

�
� � �� d

dr

�
u�
r

�
� � �� u� � c� r �

H efarmog
 thc sunoriak
c sunj
khc u���R sto r�R mac d�nei c��R kai �tsi

u� � � r � �������

�Opwc kai sth Neut�neia per�ptwsh� �qoume peristrof
 stereo� s�matoc	 Aut�
sumba�nei �qi m�no gia k�je genikeum�no Neut�neio all� genik� gia k�je reust�	

H katanom
 thc p�eshc kaj�c kai h ex�swsh thc ele�jerhc epif�neiac �Sq
ma �	��
e�nai kai aut�c oi �diec me aut�c pou br�skoume gia to Neut�neio reust�	 Ergaz�menoi
�pwc kai sto prohgo�meno par�deigma br�skoume gia thn p�esh�

p �
�

�
��� r� � �g z 
 c

kai �ti h ele�jerh epif�neia tou reusto� e�nai mia parabol
�

z � z� 

��

�g
r� �

�

Par�deigma 	
�
�
 Ro� reusto� Bingham metax� peristref�menwn kul�ndrwn
Jewro�me th ro
 reusto� Bingham metax� katak�rufwn kul�ndrwn meg�lou m
kouc
L kai akt�nwn �R kai R me � 
 �� sth gewmetr�a tou Sq
matoc �	�� �Par�deigma
�	�	�	 O exwterik�c k�lindroc peristr�fetai g�rw ap� ton �xon� tou me stajer

gwniak
 taq�thta � en� o eswterik�c k�lindroc e�nai ak�nhtoc	

Ja jewr
soume �ti h rop
 T pou aske�tai ston exwterik� k�lindro e�nai gnwst

�aut
 mpore� e�kola na metrhje� s��na pe�rama	 Epeid
 h asko�menh d�namh ston
k�lindro e�nai

F � �r�jr�R ��RL �

gia thn rop
 isq�ei
T � FR � �r�jr�R ��R�L � �������

Ap� thn ��	��� gnwr�zoume �ti

�r� �
c�
r�

�

H stajer� c� upolog�zetai me efarmog
 thc ��	����

T �
c�
R�

��R�L �� c� �
T

��L
�

op�te

�r� �
T

��L

�

r�
� �������
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To pio p�nw apot�lesma isq�ei gia opoiod
pote reust� ka mpore� na lhfje� ep�shc
me b�sh th diat
rhsh thc gwniak
c orm
c kaj�c aut
 metad�detai ap� ton exwterik�
ston eswterik� k�lindro	

Epeid
 h katastatik
 ex�swsh tou reusto� Bingham e�nai asuneq
c� upolog�zoume
pr�ta to pijan� shme�o diarro
c r� �pou ������r��

�� �
T

��L

�

r��
��

r� �

s
T

��L��
� �������

Epeid
 to r� mpore� na mh br�sketai sto ped�o ro
c ��R�R�� diakr�noume treic perip�
t�seic	

Per�ptwsh �� An r� � �R� t�te se �lo to ped�o ro
c e�nai

�r� � �� �� �� � r
d

dr

�
u�
r

�
� � �� u� � c� r �

An e�qame peristrof
 tou exwteriko� kul�ndrou me gwniak
 taq�thta � oi sunoriak�c
sunj
kec thc ro
c ja 
tan

u� � � sto r � �R

u� � �R sto r � R

H m�nh epilog
 sthn opo�a ikanopoio�ntai kai oi d�o sunj
kec e�nai h c��� op�te
anagkastik� ���	 Sunep�c den �qoume ro
 �u���	 Ep�shc� an kai h asko�menh
ston exwterik� k�lindro rop
 e�nai mh mhdenik
� aut
 den e�nai ikan
 na prokal�sei
thn peristrof
 tou	 H kr�simh tim
 Tc� thc rop
c p�nw ap� thn opo�a o k�lindroc
arq�zei na peristr�fetai antistoiqe� sthn per�ptwsh pou e�nai r���R� dhlad


Tc� � ��L�� �
�R� �

Per�ptwsh �� An r� � R� t�te �lo to ped�o ro
c e�nai ped�o diarro
c	 H kr�simh
tim
 thc rop
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Antikajist�ntac sthn ��	��� pa�rnoume th DE�
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Efarm�zontac th sunj
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Efarm�zontac thn enapome�nasa sunj
kh u��� sto r��R kai l�nontac wc proc �
br�skoume thn ex�swsh�
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�
�
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� �
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k
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H ex�swsh aut
 pou mac d�nei th gwniak
 taq�thta � san sun�rthsh thc rop
c T e�nai
gnwst
 san ex�swsh Reiner�Rivlin	 Aut
 eishge�tai kai mia m�jodo upologismo�
twn reologik�n param�trwn �� kai k	

Per�ptwsh � An �R � r� � R� t�te diakr�noume d�o perioq�c ro
c����
���

�� 
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dr
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Sthn perioq
 mh diarro
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u� � c� r �

Efarm�zontac th sunoriak
 sunj
kh u���R sto r�R br�skoume c��� kai �tsi

u� � � r � r� � r � R �

Oloklhr�nontac th DE sthn perioq
 diarro
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sthn per�ptwsh ��
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Sundu�zontac ta apotel�smat� mac stic d�o perioq�c� �qoume thn ak�loujh katanom

gia thn taq�thta
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k
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Aut
 e�nai h ekdoq
 thc ex�swshc Reiner	Rivlin gia thn per�ptwsh �pou �R 
 r� 
 R�
h opo�a �mwc den e�nai idia�tera qr
simh afo� h peiramatik
 e�resh tou shme�ou
diarro
c r� e�nai d�skolh	 �Etsi� se peir�mata m�trhshc twn reologik�n param�trwn
�� kai k� front�zoume �tsi �ste h ro
 na antistoiqe� s�aut
 thc per�ptwshc � �pou
gia

T � Tc� � ��L�� R
�

�qoume r� � R	 Parathro�me t�loc �ti gia r���R� h ��	��� mac d�nei ��� pou
shma�nei h ro
 antistoiqe� sthn per�ptwsh �	

�

��� Metabatik�c monodi	statec ro�c

Stic anal�seic twn prohgo�menwn paragr�fwn br
kame ep�shc tic exis�seic pou di��
poun tic ant�stoiqec metabatik�c ro�c	 Gia eukol�a� tic paraj�toume sunoptik� ed�	

Metabatik�c monodi�statec euj�grammec ro�c se kartesian�c suntetagm�nec
Gia thn ux�y� t� �qoume ap� thn x�sunist�sa thc ex�swshc diat
rhshc thc orm
c�

�
�ux
�t

� ��p

�x



��yx
�y


 � gx � �������

Metabatik�c euj�grammec axonosummetrik�c ro�c
Gia thn uz�r� t� �qoume ap� thn z�sunist�sa thc ex�swshc diat
rhshc thc orm
c�

�
�uz
�t

� ��p
�z
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Metabatik�c euj�grammec axonosummetrik�c ro�c
Gia thn u��r� t� �qoume ap� thn 	�sunist�sa thc ex�swshc diat
rhshc thc orm
c�

�
�u�
�t

�
�

r�
�

�r
�r��r�� � �������

H mh mhdenik
 sunist�sa tou tanust
 t�sewn pou emfan�zetai sth di�pousa ex�s�
wsh diat
rhshc thc orm
c ekfr�zetai sunart
sei thc ant�stoiqhc sunist�sac tou
tanust
 rujm�n param�rfwshc �kai �ra sunart
sei thc mh mhdenik
c sunist�sac
thc taq�thtac m�sw thc katastatik
c ex�swshc tou reusto�	 H di�pousa ex�swsh
sunode�etai ap� kat�llhlec sunoriak�c sunj
kec kai thn arqik
 sunj
kh tou me�
tabatiko� probl
matoc ro
c	 Se ant�jesh me tic ant�stoiqec Neut�neiec ro�c� oi
periss�terec metabatik�c genikeum�nec Neut�neiec ro�c den epid�qontai analutik

l�sh	 Prostr�qoume loip�n se arijmhtik�c mej�douc	 Sun
jwc qrhsimopoie�tai h
m�jodoc twn peperasm�nwn stoiqe�wn gia th qwrik
 diakritopo�hsh kai h m�jodoc
twn peperasm�nwn diafor�n gia th qronik
 olokl
rwsh	

Sth sun�qeia ja do�me merik� parade�gmata metabatik�n monodi�statwn genikeu�
m�nwn Neut�neiwn ro�n ta opo�a epil�jhkan arijmhtik�	

Par�deigma 	
�
�
 Diakop� ep�pedhc ro�c Couette reusto� Bingham
Jewro�me to pr�blhma thc diakop
c thc ep�pedhc ro
c Couette �cessation of plane
Couette �ow �pwc fa�netai sto Sq
ma �	��	 Ston qr�no t��� h katanom
 thc taq��
thtac ux e�nai wc gnwst� grammik
�

ux�y� �� �
�
� � y

H

�
V � �������

�pou V e�nai h taq�thta thc k�tw pl�kac	 Ston qr�no t��	 h k�tw pl�ka akinhto�
poie�tai xafnik� kai �tsi oi sunoriak�c sunj
kec tou probl
matoc �qoun wc ex
c�

ux��� t� � � � t � �

ux�H� t� � � � t � �

Dedom�nou �ti h kl�sh p�eshc kai h bar�thta e�nai mhd�n� h ex�swsh ��	��� aplo�
poie�tai wc ex
c�

�
�ux
�t

�
��yx
�y

� �������

H arijmhtik
 ep�lush tou probl
matoc ro
c me thn asuneq
 katastatik
 ex�swsh
Bingham e�nai d�skolh afo� pr�pei k�poioc na br�skei se k�je qronik
 stigm
 th
j�sh tou shme�ou diarro
c gia na qrhsimopoi
sei thn kat�llhlh ex�swsh gia to rujm�
di�tmhshc	 Gia to l�go aut� qrhsimopoio�me to suneq�c mont�lo tou Papanastas�ou�
h tanustik
 morf
 tou opo�ou �qei wc ex
c�

� � �

�
���� � exp��m ����

��

 k

�
D � �������
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Sq�ma ����� Diakop� ep�pedhc ro�c Couette�
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Sto par�n monodi�stato pr�blhma ro
c h ��	��� an�getai sthn
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Ja adiastatopoi
soume tic di�pousec exis�seic qrhsimopoi�ntac tic pio k�tw kl��

makec�
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H
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H�V
kai � �yx �

�yx
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Antikajist�ntac stic ��	��� kai ��	��� br�skoume ant�stoiqa�
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Parathro�me �ti emfan�zontai treic adi�statoi arijmo�� o arijm�c Reynolds�

Re � �V H

k
� �������

o arijm�c Bingham�

Bn � ��H

kV
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kai h adi�stath par�metroc
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Sq�ma ����� Ex�lixh thc katanom�c thc taq�thtac sth diakop� ep�pedhc ro�c Couette reusto�
Bingham me Re��	 Bn��� kai m�����

Oi adiastatopoihm�nec di�pousec exis�seic e�nai loip�n oi

Re
�ux
�t

�
��yx
�y

�������

kai

�yx �

�
Bn �� � exp��m ����

��

 �

�
�ux
�y

� �������

�pou parale�yame touc aster�skouc gia q�rh apl�thtac	 Oi adiastatopoihm�nec su�
noriak�c sunj
kec kaj�c kai h arqik
 sunj
kh �qoun wc ex
c�

ux��� t� � � � t � �
ux��� t� � � � t � �
ux�y� �� � � � y � � � y � �

���
�� �������

Sto Sq
ma �	�� d�netai h ex�lixh thc katanom
c thc taq�thtac ux gia Re���
Bn��� kai m����	 E�nai faner� �ti h perioq
 �pou h katanom
 thc taq�thtac e�nai
stajer
 e�nai perioq
 mh diarro
c �unyielded region	 Ta �ria thc perioq
c aut
c ja

tan d�skolo na entopisto�n an qrhsimopoio�same to asuneq�c mont�lo Bingham	

�

Par�deigma 	
�
�
 Diakop� axonosummetrik�c ro�c Poiseuille ekjetiko� reusto�
Jewro�me to pr�blhma thc diakop
c thc axonosummetrik
c ro
c Poiseuille �pwc fa��
netai sto Sq
ma �	��	 Ston qr�no t��� h katanom
 thc taq�thtac uz ekjetiko�
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reusto� d�netai ap� th st�simh l�sh thn opo�a br
kame sto Par�deigma �	�	��

uz�r� �� �
n

n 
 �
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�k

�p

�z

���n h
R��n	� � r��n	�

i
� �������

Ston qr�no t��	 h kl�sh p�eshc mhden�zetai op�te h taq�thta arq�zei na mei�netai
gia na mhdeniste� se �peiro qr�no	
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Sq�ma ����� Diakop� axonosummetrik�c ro�c Poiseuille�

Dedom�nou �ti h kl�sh p�eshc �gia t � � kai h bar�thta e�nai mhd�n� h ex�swsh
��	��� aplopoie�tai wc ex
c�
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H diatmhtik
 t�sh gia ekjetik� reust� d�netai ap� thn
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Gia thn adiastatopo�hsh twn diepous�n exis�sewn� qrhsimopoio�me san qarakt�

hristik� m
koc thn akt�na R tou kulindriko� agwgo�	 San qarakthristik
 taq�thta
pa�rnoume th m�sh tim
 thc taq�thtac sto qr�no t�� h opo�a e�nai gnwst
 ap� to
Par�deigma �	�	��
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Qrhsimopoi�ntac tic pio k�tw kl�makec
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br�skoume tic adiastatopoihm�nec di�pousec exis�seic tic opo�ec paraj�toume q�rin
apl�thtac qwr�c aster�skouc�
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Sq�ma ����� Ex�lixh thc katanom�c thc taq�thtac sth diakop� axonosummetrik�c ro�c Poiseuille
ekjetiko� reusto� me Re�� kai n�����

kai

�rz � ��n��
�uz
�r

� �������

�pou o arijm�c Reynolds or�zetai t�ra wc ex
c�

Re � �V ��nRn

k
� �������

Oi adiastatopoihm�nec sunoriak�c sunj
kec kaj�c kai h arqik
 sunj
kh �qoun wc
ex
c�

�uz
�r

��� t� � � � t � �

uz��� t� � � � t � �

uz�r� �� �
�n 
 �
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Sto Sq
ma �	�� d�netai h ex�lixh thc katanom
c thc taq�thtac uz gia Re�� kai
n��	� �

Par�deigma 	
�

 Diakop� ep�pedhc ro�c Poiseuille reusto� Bingham
Jewro�me to pr�blhma thc diakop
c thc ep�pedhc ro
c Poiseuille en�c reusto� Bing	
ham� �pwc fa�netai sto Sq
ma �	��	 Ston qr�no t��� h katanom
 thc taq�thtac ux
ekjetiko� reusto� d�netai ap� th st�simh l�sh thn opo�a br
kame sto Par�deigma
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Ston qr�no t��	 h kl�sh p�eshc mhden�zetai op�te h taq�thta arq�zei na mei�netai
gia na mhdeniste� se �peiro qr�no	

x

y
ux�y� �� ux�y� t�H

��p
�x
�� � ��p

�x
� �

t�� t ��

Sq�ma ���	� Diakop� ep�pedhc ro�c Poiseuille�

Gia thn ep�lush auto� tou probl
matoc ro
c ja qrhsimopoi
soume thn ex�swsh
Papanastas�ou	 Qrhsimopoio�me tic kl�makec

y� �
y

H
� u�x �

ux
V

� t� �
t

H�V
kai � �yx �

�yx
kV�H

� �������

�pou H e�nai h hmiap�stash metax� twn par�llhlwn plak�n �bl	 Sq
ma �	�� kai V
h m�sh tim
 thc taq�thtac ston qr�no t���

V �
Q

�WH

Oi adiastatopoihm�nec exis�seic e�nai oi �diec me aut�c tou Parade�gmatoc �	�	�	 Oi
adiastatopoihm�nec sunoriak�c sunj
kec kaj�c kai h arqik
 sunj
kh �qoun wc ex
c�

�ux
�y ��� t� � � � t � �

ux��� t� � � � t � �
ux�y� �� � usx�y� � � � r � �

����
��� �������

�pou usx�y� h adiastatopoihm�nh m�nimh l�sh	
Sto Sq
ma �	�� d�netai h ex�lixh thc katanom
c thc taq�thtac ux gia Re��� Bn��

kai m����	 Sto Sq
ma �	�� bl�poume th metabol
 thc ogkometrik
c paroq
c gia
Re��� m���� kai di�forouc arijmo�c Bingham	 Parathro�me �ti o termatism�c thc
ro
c epitaq�netai kaj�c aux�netai o arijm�c Bingham	 Sth Neut�neia per�ptwsh
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Sq�ma ����� Ex�lixh thc katanom�c thc taq�thtac sth diakop� ep�pedhc ro�c Poiseuille reusto�
Bingham me Re��	 Bn�� kai m�����

�Bn�� kai gia mikro�c arijmo�c Bingham h me�wsh thc ogkometrik
c paroq
c e�nai
ekjetik
 �dhl	 arg
	 Se megal�terouc arijmo�c Bingham h me�wsh tou Q kaj�statai
poluwnumik
 �dhl	 pio gr
gorh	 Ta apotel�smata aut� epibebai�noun pr�sfatec
jewr�ec pou uposthr�zoun �ti sta reust� Bingham o qr�noc termatismo� thc ro
c
e�nai peperasm�noc ��nite stopping times	 �
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��� PROBLHMATA

�	 Ro� lepto� ekjetiko� reusto� se keklim�no ep�pedo
Jewro�me �na lept� film asump�estou ekjetiko� reusto� pou r�ei se keklim�no
ep�pedo �pwc fa�netai sto pio k�tw sq
ma	 O a�rac p�nw ap� to film jewre�tai
st�simoc kai �tsi h ro
 ofe�letai m�no sth bar�thta	 Jewro�me �ti h epifa�
neiak
 t�sh tou reusto� e�nai amelht�a kai �ti to film �qei omoi�morfo p�qoc
�	

x
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St�simoc a�rac

Lept� film
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�g Aplopoi
ste tic pio p�nw ekfr�seic gia thn per�ptwsh katak�rufou epip��
dou	

�	 De�xte �ti gia thn ogkometrik
 paroq
 se axonosummetrik
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���� PROBLHMATA ��

�	 Jewro�me th m�nimh ro
 en�c lepto� film ekjetiko� reusto� sthn exwterik

pleur� katak�rufou kul�ndrou akt�nac R kai �peirou m
kouc� �pwc fa�netai sto
pio k�tw sq
ma	 O k�lindroc e�nai ak�nhtoc kai �tsi h ro
 ofe�letai m�no sth
bar�thta	 To p�qoc � tou film jewre�tai stajer�	
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St�simoc

a�rac

�a Bre�te thn ex�swsh pou isq�ei gia thn taq�thta uz�r�	
�b Bre�te thn katanom
 thc taq�thtac uz�r� gia n����� ��� kai ���	
�g Bre�te thn ogkometrik
 paroq
 Q gia tic pio p�nw tim�c tou ekj�th n	

�	 Bre�te thn katanom
 thc p�eshc p�r� z� sto Par�deigma �	�	�	

�	 Jewro�me th ro
 ekjetiko� reusto� metax� katak�rufwn kul�ndrwn �peirou
m
kouc kai akt�nwn �R kai R me � 
 �	 O exwterik�c k�lindroc �qei akt�na
R kai e�nai ak�nhtoc en� o eswterik�c k�lindroc �qei akt�na �R me � 
 � kai
peristr�fetai g�rw ap� ton �xon� tou me stajer
 gwniak
 taq�thta �� �pwc
fa�netai sto pio k�tw sq
ma�
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�a Bre�te thn katanom
 thc taq�thtac u��r�	
�b Bre�te thn katanom
 thc p�eshc p�r� z�	
�g Bre�te thn ex�swsh thc ele�jerhc epif�neiac tou reusto�	



�� Kef�laio �� GENIKEUMENES NEUTWNEIES ROES

�	 Epil�ste th ro
 tou prohgo�menou probl
matoc gia reust� Bingham	

�	 Epil�ste to metabatik� pr�blhma �narxhc �startup thc ep�pedhc ro
c Couette
en�c plastiko� Bingham	

�	 Adiastatopoi
ste tic di�pousec exis�seic sto Par�deigma �	�	�� qrhsimopoi�n�
tac tic ex
c kl�makec�
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�	 Gr�yte sth genik
 tanustik
 morf
�

� � � �IID� ��D� �

ta k�twji genikeum�na Neut�neia mont�la	
�a Mont�lo Cross	
�b Mont�lo twn Carreau kai Yasuda	
�g Mont�lo Bingham	
�d Mont�lo Herschel	Bulkley	
�e Mont�lo Casson	
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