Mdébnua 3

ITOAYQONYMIKH
ITAPEMBOAH

3.1 Ewaynyi

Elvat yvoot6 611 ota S1dpopa TpoBARUate ThY EQUEUOY®Y TS TEPLGGOTERES
popéc TaPOoUOLALOVTIUL GUVIRTAHOELS TOU TEPLYPAPOVTIL and TOAUTAOXOUS TU-
Toug, dNAadh TUTOUS 6TOUC OTOLOUC UTELGERYOVTAL TELY WVOUETEWES, eXBETIXEC,
avTloTRoYES TELYwVOUETEWES, AoyaptBuwés, x.At. cuvapthoeg. Tote 1 Mo
Tou TPoPBAfuaTOC elvat SVEXOAT oL TI¢ TepLoGOTERES Popéc adlvaty. Enouévwg
dnuLoupYelTal GUEGA 1) AVAYXTN TNG AVTLXATACTAONS AUTAY TWV GLVIRTHCERY
ue dikegc amhovoTepeg, €ToL GoTE va yivel duvath N Adon TV Tapamdve
TeoBANUATLY. NNy xatryopla auTh TeoaTifevTal XaL oL TEPLTTHGELS OL OTolEg
xatd To TheloTov eupavilovTal 6TIS EQUPUOYES, OTOU 0 TUTOC TNS GUVAPTNOTG,
¢otw f(x), elvar dyvomotog xat ov ubveg TAnpogopleg mou undpyouy Y Ty f
elvat éva ovvoho Twwdv e ota onuela (z;, f (x5));i=1,2, ..., n.

Y10 pdnuo autd, oL cuvapthioelg mou Ou yenouwononboly yua TLg TPOGEY-
yioew autée, Oa elvat o tohvwyupixés. Ta mheovexthuata Tng TpocéyyLong

UG oUVEETNONG UE €va TOALGYLUO elval TOAAG xat evBEWTIXd avopépeTal OTL

133
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N TopdYwyog, To ohoxhfpwua x.AT., unohoyllovTtal euxohbTepa UE TN Ypriom
TOU TOAUGYVBUOL avTi TN GUVAPTNOTG, EVE TA ATOTEAEGUATY TOUG elva eTloTg
mohudvupa. Emouévewg yivetal dusoa avtiknmtd i avdyxn avalhtnong autod

TOU £l80UC TNG TEOGEYYLOTC TOU TEOXELTAL VO EEETAGTEL GTT GUVEYELL.

3.1.1 Xyetweol optopol xal Bewprpata

Eivar yvwot6 ota Mabnuoatixd 6t 1 mpocéyylon uag ouveyols auvdptnong

ue éva mohudvuuo, éotw P, Babuod n tne poperg:
Py(z) = apz™ +ap_ 12" ' 4. +ag, btava; €R;i=0,1,....n

elval ndvtote Suvath xat pe 6om axplPBera anolteitar xdbe gogd.

YUY rEXPUUEVA Loy UEL:

Oedpnpa 3.1.1 - 1 (Weierstrass). Av f elvar ula ouvdptnon optouévy
xat ovveyhic oto [a,b], tdte yia xdbe ¢ > 0 vndpyetr éva noAvdvuuo P, étol
bote

|f(z) — P(z)| <e, vyiaxdfe x € |a,b)]. (3.1.1-1)

To Oedenua 3.1.1 - 1 avagépetar otny Unopln tou toluwviuou P, Sev dlvel
OUOS TOV TUTO TOU XOL ETOUEVWS EYEL LAONUATIXG UOVOY EVOLUPEROY.

"M npétn andvnomn otov tpoedloploué Tou THTOU Tou TohuwViUoy P
dlveton and 1o mohuodvuuo tou Taylor, aviiotorya tou Maclaurin, nou énwc

elval %0 YVvwoté 610V avayveotn, Slvetal and Tov TUTo

f'(©) f(€)

fl@) = Po(a)=f€)+ 7 (@ =) +5p (2 -¢)°
+...+f(:!(§) (x— )", (3.1.1-2)

otav to onueto ¢ avixel oto medlo oplouol tng f xat opilel To x€vTpo Tou

TAGATEVEW AVATTUYUATOC, AvTloToLY o
?

f10) . f"0) »

f(z) = Pu(r) = f(0)+ TR T
(n)
b fo)x", (3.1.1 - 3)
n.

'Biéne Mabruata Avdrepwy Mabpuatixdy - Hapdywyoc ouvdptyors.
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6tav 10 x€vtpo oty mepintwon auth elvar o 0. Me ta napandve noludvuua
vrohoylletar téTe plo ToALVLUXY TpoGEyYLon TG ouvdptnong f oe éva

ouyxexpévo anueto £, avtiotolya to 0.
IHopatnerioes 3.1.1 - 1

"Eyel anodeiylel netpapatind 61t 1o nohudvupo tou Taylor, avtiotolya tou

Maclaurin:

e dev mapouotdlel axpifeld mou vo audvetol TAVTOTE AVAAOYA UE TOV

Babud n Tou noAuwviuou,

e anattel TN YVHOT Tou Xévtpou &,

7 7

o 1 npocEyyLon elvar axpl3fic uévoyv yua TWwég Tou & Thnaiov Tou &, aviioTolya

0 0.
Hapddetypa 3.1.1 - 1

'Eotw 1 ouvdptnon

f(z) =sinz.

To noludvupo tov Maclaurin P (z) Bafuod 3, avtiotouyo Ps(z) Bafuod

5 elva

3 .7}3 .7}5
avtiotowa  Ps(z) ==

EETRT

Ané to ¥y. 3.1.1 - la elvow npogavég 6T, av  — 0, To dwarypdupota

x
P3($):$_ay

v f, P3xou Ps cuurintouy, evéd anoxhivouy, 6Tav 10 T anouaxpiveTal

ard 7o 0.

Avéhoyr mopatipnon woylet yia ) ouvdptnon (Xy. 3.1.1 - 1b)

6tay mpoaeyyiletal and T Tapaxd ek noluodyuua Tou Maclaurin

zt 2b

Py(z) =1—1°, avtiotoya  Ps(z) =1— 2+ TR
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f
D )
\ 10—
// N
y\\\ "X : // ) ) \\‘ X
6 Jalz 2\\\U X -15 A0 -05 05 10 15
_of ‘:\ // -0.5 \\
/
\ / -1.0t \
- (a) - (b)

Syfua 3.1.1 - 1: (a) Zuvdptnon f(z) urnke, P3 xbxxwvn xav Ps mpdotvy
xaunohn. (b) 'Ouowa g(x) urhe, Py x6xxwvn xau Ps tpdowvn xaumdh.

IMopddetypa 3.1.1 - 2

'Eoto 1 ouvdptnon
f(z) =In(z —1).
To nohudvupo tou Taylor ue xévtpo € = 2 Babuol 2, avtioTtolya 4 elvat
(z —2)°
2 7

(z—2? (-27° (z—2)*
5 T3 T 1 -

Py(z) = z—-2— avtiotolya

Py(z) = z—-2-

Ané 1o Ey. 3.1.1 - 2 mpoxdntel 6T, av & — 2, Ta JlaypIUUATA TWY
f: P2 xau Py ovunintouy, eved anoxiivouy, 6Tav To T anouaxplveTol and

T0 2.

o Anaiteltar 0 UTOAOYLOUAC TWV TURAYGYOY NS f, TOL GUWS TS TEPLEGO-

Tepeg opég elvar dUoxohog A xaL adlvatog, xal

e 0 trnog (3.1.1 — 2), avilotoya (3.1.1 — 3) dev egapudletar, btav 1
[ elvar yvwoth udvo ae évav aplbud onuelwv tou nediov oprouol Tng,
Onhadh, omwe ouuPalvel 6T TEPLOGOTERES epapUOoYES, OTay dev elval

YVWOTHS 0 AVaALTLXGS TS TUTTOG.
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f(x)

05
10}
15
20)
25
301

Eyfpa 3.1.1 - 2: Suvdptnon f(x) unke, P x6xxwvn xou Py tpdowvn xoumdh.

3.2 IToAuvwvyuuixr nopeuBoly

3.2.1 Oedpnua touv Lagrange

Mo yevixdtepn aviWeT@OmLoN TOU TopaANdve TEOBARUATOS TEOGEYYLONG HULAg
oLVdETNONS, Tou Eenepvd TLg dUaXOALES TNG TpoNYOUUEVNS Tapaypdpou, divetat
O7T1) GUVEYELX.

QAQXon’( oplletaL 1 évvola Tne mopeUPorfc wg eEng:

Oplopés 3.2.1 - 1 (nodvwvuplxis napepwforvc). Fotw dt xo, 21, ...,
Ty elvar n + 1 Siagopetixd uetall touc onuela evés Staotiuatog [a,b] xat
f(x) pla moayuatix) ouvdotnon ue nedio optouot enione to [a,b] tne onolac
elvar yvwotéc or wéc f (z;) yia xdbe i =0, 1, ..., n. Tére n noAvwvuuoxy
napeufors; (polynomial interpolation) opiletar and éva moAudvuuo, éotw Py
Babuot < n, mou Siépyetar and ta onuela (x4, f (x;)), dniadn Py, (z;) = f (x;)
via xdbei=0,1,...,n (Xy. 3.2.1-1).

O napandve oploude yevixevetatl Yo x&le olvoro onuelwy (z,yi); @ =

0,1,...,n, 6tav Ta x; elvar SLoQOpeTXd YeTall TouC.

20 avayvéotng, vl tepoutépw perétn, tapanéunetoal ot BiBhoypagla [1, 2, 3] xou:
hitps : | [en.wikipedia.org/wiki/ Polynomial _interpolation
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201
15}
104

05

-05}

-10F

Syhuwa 3.2.1 - 1. Znuela (0,1), (1,0), (3,2), (5,—1) we moruvdvuuo
napeuforic Py(x) = 1 — 2.441667x + 1.72% — 0.258333323.

Yyetixd e Ty Umopdrn Xal To HOVOGRUAVTO TOU TOAU®VEUOU TapeUBohhg

P, (z) woyler To napaxdte Bedpnua:

Oedpnpa 3.2.1 - 1 (napepPolrvis Tou Lagrange). Eotww du xg, =1, - ..,
xy elvar n + 1 Siagopetixd uetall touc onuela evéc Staothuatoc [a,b] sxat
f(x) pla moayuatixii ouvdptnon tnc onolag elvar yvwotés ot uéc f (z;) yia
xdbe i =0,1,...,n Tére vndpyer axpfdc éva moAvdvuuo Pp(x) Pabuod

<n, mou Sivetar and Tov TUTO

Po(x) = lo(@)f (o) +h(@)f (21) + ... +ln(2) [ (2n)

= > Li@)f (), (32.1-1)
1=0

Li(z) = (x —x0) (x —x1) (2 —xi1) (T — Tig1) -+ (T — )
i (i — o) (x; — 1) -+ (2 — wj—1) (i — Tig1) -+ (T — 1)

_ I1 T (3.2.1-2)

P
0<j<n, j#i 7t Y
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xat 1o onolo napeufdiietar fj ovuninter (tautiletar) ue tpv f(x) ota onueia

T yia xdfei =01, ..., n.

O tiroc (3.2.1—1) elva yvwotoc we thinog napewBoifs tov Lagrange, evé
ta tohudyuua li(z); 1 =0, 1, ..., n, nou opilovtar ye tov tino (3.2.1 — 2),
Ayovtor mohudvupa tapepr3olg tou Lagrange yua ta onueia 1 x6uPBoug

(nodes) xo, 1, ..., Tp.
IMopatnerostg 3.2.1 - 1
Ané Tov tino (3.2.1 — 2) npoxinTouv ta eric:

1) otov aptBunth xabéva and to mohudvuua l;(z) éyer Ghoug Toug mapdyo-
Vieg ExTOC and Tov Tapdyovia & — x; (SwapopeTixd, av elye 6houc, Bu

TEOoEXUTTE TOAVGYUUO 1 + 1 Pabuod),

ii) o mapovopaotic npoxintel and Tov aptbunth avixadiotdviog To T ue

10 x;. Apa 0 TapovouaosThg elvan aTabepd.

IMépiopa 3.2.1 - 1. Ta moAvdvuua l;(z); i =0, 1, ..., n elvar fabuod n xau
emmAéoy

1 av 2=
) =di= y / (3.2.1-3)
av i #j.

Anédely. 'Eyovtac unédn vy Hoapatipnon 3.2.1 - 1(1) xabéva and ta
rohudvuua [;(z) otov aplBunth éyel dhouc Toug mapdyovies extde and ToOv
xz — ;. Apa, emedh 1 aplbunon twv tapayéviwy otov aplBunty apyilel and
7o 0 xou undpyouy n dagopetixol napdyovieg, o xafévac and Toug onoloug
elvar Lou Baluol, npoxidntel tedwd 6t o PBabude tou aplbunty loolton ue n
(0 mapovouasthc elvat otabepd).

Erlong, étav
o | =7, t6H1E

gy = @im o) (@i — 1) - (@i~ @ic1) (@i = Tiv) o (0~ Tn)
fi (=) (zi — o) (v — 1) -+ (T — 2i-1) (T — ig1) -+ (T — 2) b

A 7
EVD, OTAY
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e =0 xa 1=1,16te

(x —x0) (x —x2) -+ (¥ — )
(1 —20) (11 —22) + (T1 — Tn) |y

l1 (1’0) =

0
—

(xo — o) (w0 — x2) -~ - (X0 — Tn) _
(z1 = 20) (21 — 2) -+ (21 — 2p)

‘Ouota yua Toug yevixoUlc Selxtec @, J ue @ # J.

IMapdderypa 3.2.1 - 1 (ypauptxr napenBohn)

No unohoytotel To Tohudvuuo napeuforrc tne ouvdptnone f(z) ota onuela
(2o, [ (x0)) xau (z1, f (21)).
Ador. Enewdt| o apBudc tov onueilwy tapeuforic elvor 2, npénet to {ntoduevo
Toludvuuo va elvor lou Babuod, dnhadf olugwva ye tov tino (3.2.1 —2) g
woppric

P(z) = Pi(z) = lo(z) (z0) + l1(z) (z1).

Téte ta tohudvuua napeuBoric lo(z), I (z) obupwva ue tic Hopatnphoele
3.2.1 - 1 urohoyllovtar and tov tino (3.2.1 — 1) wg edic:

lo(z) = - li(x) = T
Tro — X1 1 — o
‘Apa
Pi(w) = ———=f (w0) + ———~f (a1),
To — T T1 — Xg
dnhadn
Py(z) = Floy) = f(z0) (x —z0) + f (z0) (3.2.1 - 4)

1 — To
Tou elvon YVwotée xar ©¢ 0 TUnog g Yeapixhg tapenBoinig (Xy. 3.2.1 -
2). .



Ocdpenua tou Lagrange 141

35 4.0

Sy 3.2.1 - 20 Tnuela (1,2.5), (4, —1.5) ue nohudvuuo mapeuBolAc
Pi(z) = 3.83 — 1.33z.

Ilopddetypa 3.2.1 - 2

‘Ouola v utohoyrotel To TohuGvLUO TapeuBoinc yio Ta onuela

(20, f (20)) = (~0.5,1.5), (21, f (1)) = (0.8,2.0) xau

(22, f (x2)) = (1.2, —-1.5).

Ador. Enewt| otny neplntwon auth o aptbudc twv onuelwy napeuBoifc elvol

3, npéneL To {ntolduevo Tohudyuuo vo elval 20u Baluol, dSnhadh tne woppihc

P(z) = Py(z) = lo(x) (z0) + L(2) f (z1) + lo(2) f (z2) -

Yougwva pe tic Hupatnehoec 3.2.1 - 1 dpota 1o tohudvupa napeuforic lo(z),
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li(z) o la(x) umohoyilovtar and tov thno (3.2.1 — 1) wg e&hc:

lo(z) = r—x1 rv—wx2  x—038 r—1.2
o\% N $0*$1$0*$2_*0.5*0.8 —05—-1.2

= 0.434389 — 0.904 977 = 4 0.452 489 2,

r—xg x—x2  x—(-05) x—12

I = =
1(%) 1 — o1 — T2 0.8 — (—0.5) 0.8—-1.2

= 1.153846 + 1.346 154z — 1.923077 2%, o

b(z) = r—zo xr—21 _ x—(-05) -038
2 —gowa—z1 12— (—05)1.2—08

= —0.588235 — 0.441 177 2 + 1.470, 588 2%,
‘Apa avixabiotdvrac tehxd (By. 3.2.1 - 3)

Py(z) = lo(z) 1.5+ 11(z) 2.0+ la(z)(—1.5)

= 3.841629 + 1.996 606z — 5.373 303z

IHopddetypa 3.2.1 - 3

Na unokoyiotel To oloxifpwuoa

1
I= /e_dex, (3.2.1 - 5)
0

4 ’ 2 ’ 3
6tay ta onuelo napeUBoAfg elval:

i) 20 =0, z1 =05, z2=1.0, %
i) o =0, =z =03, z2=06, z3=1.0.

Y ouvéyela va yivel oUyxplom TV anotelecUdtoy Ue TN Bewpntued T
I =0.746824.
Ator. Avdhoya ue to Hoapdderypa 3.2.1 - 2 éyouvye:

3Elvon mpogavég 6Tl oTic mepLntdoelg autég Gha T onueta TapeUBolRg TEENEL VoL avFixouY

070 SldoTnua ONOXATPWGNG.



Ocdpenua tou Lagrange

-05

Syhue 3.2.1 - 30 Tyuela (—0.5,1.5), (0.8,2.0), (1.2, —1.5) ye moludvuuo
napeuforfic Po(r) = 3.842 + 1.997x — 5.373z2.

Ynueta nopepBorvg

xg=0, x1=05, x2=1.0

Enewdn ta onuela elvon 3, To nohudvupo napeuforric Ha elvar tne wopprc:

Py(z) = lo(x) (zo) + 11 (2) f (z1) + l2(2) f (22), (3.2.1-6)

6Tav

lo(w)

h(z)

la(x)

r—r1 T —1I2 r—05x—1.0

zo—x1 xo—22 0—0.50—1.0

1—32+ 222

r—29 T — 9 zr—0 x2-—1.0

r1—20 21 —22 05—005-1.0

4z — 412

r—x0 v—2x1 _ +—0 x-05
29— 2o o —121 1.0—01.0-05

—r+ 222

143
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‘Apa avtixabiotdvtag oty (3.2.1 — 6) tehxd npoxtntel 6t
Py(z) = lo(z)e® + () e O +ig(z) e
— 1-0.252676 — 0.379 444 22, (3.2.1-7)

Erouéveg

1
L = /Pg(ar) dr =~ 0.747180 ue opdhua
0

epr = |0.747180 — 0.746 824| = 0.000 356.

Ynueta napepwBoris x0 =0, z1 =03, z2=06, =x3=10
Yy neplntwon auth ta onuela elvon 4, onéte 10 TOALGYLUO TapeEUPOAHS elval
NG Hoppic:

Py(x) = lo(z) (xo) + li(2) f (x1) + l2(2) f (22) + Is(2)f (23), (3.2.1-8)

6Ty
rT—1T1 T—T9 T — I3

lo(z) =

o — L1 o — T2 To — T3

z—03x—06 z—1.0
0-030—-06 0—-1.0

= 1—6xz410.55556 2% — 5.555 556 2,

r—Ty T— X2 T — T3

Li(z) =

1 — %o 1 — 22 T1 — I3

r—0 2—06 z-—1.0
0.3—003—-0.603-1.0

= 9.52381z — 25.396 83 2% 4 15.873 02 2,

r—xy T—X1 T —I3

lQ (x) =

To —Tg Tog — X1 T2 — T3

r—0 x—-03 =x—-1.0
06—-006-0306-1.0

= —4.166667 z + 18.055 56 z2 — 13.888 89 2>,



Avopepéveg dragpopés. Tunog Tou Newton 145

prgedh

r—Ty *T—T1 T — X9

l3(z) =

T3 —To 3 — L1 T3 — T2

r—0 x2—03 z-0.6
1.0-01.0-0.31.0-0.6

— 0.642857x — 3.214286 22 + 3.571 42943,
on6te avixabiotdvrog oty (3.2.1 — 8) tedwxd

Ps(z) = lo(z)e® +1(2) e %% +1y(z) e 0% +I3(z) e
= 1+0.0336162 — 1.24093 2% + 0.575195 2>.

1
L = /Pg(x)dx ~ 0.746 963 e ogpdiua
0

es = ]0.746963 — 0.746 824| = 0.000 139.

Téte mpogavie ez < e1, mou enahnbedel xon T0 BewpnTixd avauevoUEVO
arotéheoua, dnhadh 6Tl N alinomn TV onuelny TapeuBoifc auddvel ol TNV
axeifela tne mpooéyylong. Xto Ty. 3.2.1 - 4a Slveton 1 ypaguxr ntapdotaoy
TV ToOAoVOULY P xau P3 ue ta avtiotouya onuelo napeuBoAfc, evéd oto

x

Xy. 3.2.1 - 4b 1 ypaguh TapdoTacn TG € ’ ue dha Ta yenoulonombévia

onueia. -

3.3  Auwupeuéveg dragopéc. Tunog tou Newton

3.3.1 Ewcaywywxéc Evvoleg

To mohudvuuo nageuBoihic P, (z) tou Lagrange, nou opiletar anéd tov tino
(3.2.1 — 2), anotel yia Tov unohoyiopd Tou évav ueydho aplfud npdlemy.
Yuyxexpuuéva, 6Tav 0 UTOAOYLOUOS TOu YIvETAL UE NAEXTPOVIXG UTOAOYLOTY),

apywd vroloyiletal 1 topdoTaoy

(x —x0) (x —21) -+ (T — Tp)
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P(x) f(x)
10— 1.0
0.8} e 0.8}
~

0.6} \\\\ 0.6l
0.4] N 0.4]
0.2’ 02,

‘ ‘ ‘ ‘ L ox ‘ ‘ ‘ ‘ Cox

02 04 06 08 10 (a) 02 04 06 08 1.0 (b)

Syfua 3.2.1 - 4: z € [0,1] (a) Hohudvuuyo Py xéxxwvn (onuelo urnhe), Ps
npdown xaumihy (onueta x6xava) xa (b) cuvdpton e % .
xaL 671 oLVEYEL Tot ToAuGdvLLa li(2); 1 = 0, 1, ... n ue xatdhhnhec dtpéoele
g napdotaorg auths. ‘Onwg €yel Bdn tpoxdder xou and to Hoapdderyua 3.2.1
- 3, v va auénbel n axplfBela tng npooéyylong, meénel va ypnoiuwonolndetl
xdfe Qopd xou ueyahitepog aplbude onuelwy mapeuBoric x;. Autd buwg
Té1E €YEL g amotéheoya Lia aviioTolyn alinor Tou Bafuol Tev aviiotolywy
nolvwviuey tapeuforic Pi(x), evd, 6nwg tpoxdntel and tov tino (3.2.1-2),
otov utohoyloud Ty tohunviuwy Pi(z) Sev hauPdvetar unddm n uéypt 161
YV®o1 Twv tohueviuwy Py, P, ..., Pi_1. Q¢ ouvénela autdy elvar vo undpyet
x40 @opd €vog ueydhog apliudg enavarauBavouevey mpdlewy. 3Nuvohixd,
OhEC QUTEC OL TAUEATAVG TPdEelg agevog Uev xaboToly Tov UToloyLoud Tou
rohuwviuou Pi(z) Suoyeph xat agetépou dnutoupyoly Tohhd A&bn otpoy-
yulonoinone. Enouévwg, oe éva mpéBinua pe ueydho aplud dedouévwv 1o
mohu@dvuuo mou Ha mpoxddet, dev Ba Siépyetar and to onuela mapepBolic,
dnhad?h Bo undpyel o@IAUa, Ue OTL AUTO GUVETAYETAL OTNY TEPALTERP® AUOT
TOU TEOPBAAUATOS.

INa tov neproploud tou nopamdve apliuol Tov npdlewy To TOAUEVLUO
napeuforic Pp(z) ota onuela x;; i = 0,1, ..., n, 1o P,(z) vpdyetor o¢
elnc:

P,(z) = Ao+ A1 (x —x0)+ Az (x — x0) (z — 1)
+... 4+ A, (v —20) (. —zp_1), (3.3.1-1)
otav ta A;; ¢ = 0,1, ..., n elvar oty nepintwon auth ou npoadloploTtéol

ouviekeotég tou. Téte, oe avtifeon ue tov Yvwotd im0 TV duviuewv
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(power form)
Po(z) = apz"™ + ap_12" 1 4+ ...+ a12 + ao,
6tav a;; ¢ = 0,1,...,n ouvieheotéc Ye ap # 0 xow n = 0,1,..., o tinog
3.3.1—1) hauPdver unédn ta onuela TapeUBorfc zo, T1, . .., Tn—1 %At 67wS Ha

Tpox Vel 6T GLUVEYELN EAAYLOTOTOLEL TIG AOLTOUUEVES TRAEELS UTONOYLOUOY

TOV.

3.3.2 Aopepéveg dLapopég

11 (3.3.1—1) o unohoyiopdc TeV cuvieheotdy A;; i =0, 1, ..., n yivetou
edxoha Ue TNV eLoaywyh TS €vvolag NG dLaLpeévng dlapopds, mou opiletol
0T1) GLVEYEW WS EEAC: AV Lo, X1, - . ., Ty Elvor n + 1 SrapopeTind yetadd Toug
onuela evég daothuatog [a,b] xau f(z) pla mpayuatid ouvdptnen ue nedlo
optopol enlong 1o [a,b] xau e onolag elvar yvwotéc ou twée f(z;) yia xdbe

1=0,1,...,n—1, té7Te:
Opiowds 3.3.2 - 1. H draipeuévy dtagopd yndevixng Tding oto onuelo x;
ouuBoriletar ue fx;) xar toovtar ue

[l = f (i), (332-1)
yia xdfe i =0,1, ..., n.

Opiowéds 3.3.2 - 2. H Siawpeuévy dtagopd 1ng tdEng ota onuela ;, Tit1
ovufolriletar ue f [z, xip1] xou toobtar ue
ziy1) — f (zi
flziy i) = f(wiv1) =/ ), (3.32-2)

Ti+1 — T4

yia xdfe i =0,1, ..., n—1.
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Opiowos 3.3.2 - 3. H Siaipeuévn Sagopd 2ng TdEng ota onuela T;, Tit1, Tit2

ouuforiletar ue flxi, xiy1,xivo] xar tooltar ue

flzi, mig1, igo] = flei, @iva] = i, 2inn] : (3.3.2 - 3)
Tit2 — T

yia xdfe i =0,1, ..., n—2.

“Bléne BiBhoypanplia [1, 2, 3] xou:
hitps : | [enwikipedia.org/wiki/Divided_dif ferences?searchDepth = 1
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Fevixd opileton 61U

Oprowdsg 3.3.2 - 4. H Siatpeuévny dtagopd k-TdEng ota onuela x4, Tit1, - . -,

Titr ovuPolriletar ue flxi, Tig1, ..., Tipk) xou tooltar ue
f [xia Ti+1,--- 7xi+k]
_ Sl mive, - mik] = f 26w, - ik ’ (3.3.2 - 4)
Tivk — Ti
yia xdfei=0,1,...,n—k.

Anodewxvietal 6Tl Loy el To Tapaxdte Hedenua:

Ocedpnpa 3.3.2 - 1 (unohoyLowol drapepévey dlagopdy). ‘Eotw dt
zi; 1=0,1, ..., n elvat n + 1 dtagopetixd onuela evéc daotiuatoc [a,bl.
Téte 1oyveL:

f [$1,$2,.. . ,xn] - f [.%'0,:(,‘1, . ,xn_l]
Tn — T0 ’

f[x()axla"'axn] - (332 - 5)

Ynueiwon 3.3.2 - 1

Ot napandve opiobetoeg Slagopés oty BiBhloypagla elval YvwoTéc wg oL Tpog
To eunpEdS dtatpeuéves Slapopéc. Yto udfnua autéd Bu datnendel yia euxolla

anhé o bpog Srapeuévn Swapopd (Bréne enlone Aoxnon 3).
IMopddetypa 3.3.2 - 1
Na unohoyioTtoly ou Suapepéveg Slapopéc ota onuela
(0.3,1.5) xou (0.8,2.5).
Abor. 'Eotw
20=0.3, f(zo)=1,5 xu 2z =08, f(z1)=25.

Téte dradoyixd €youue

fleo) = f(03)=15 xou flz]=[(08)=25
~ fx)—f(xo) 25-15
floo,m] = 1 — Xg - 08-0.3

Ta napandvew anoteréopata utoroyilovtal extong ue tn Swaduxaocio tou Hivaxa
3.3.2- 1L .
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ITivaxag 3.3.2 - 1: Iapdderyua 3.3.2 - 1: unohoyiouos Stopeuévng dapopdc
1-tdéne.

T [ [zi] fL]
zo=0.3 flxo] =15
v = G5 =g3 =2
r1 = 0.8 f [l’l] =25

Ilopddertypa 3.3.2 - 2

Na vnohoyLotoly ol Statpeuéves Slopopés ata onuela
(1.0,2.0), (1.5,2.8) xa (1.7,3.5).

Avor. Axohouvldvtag avdhoyr dwaduxasta ue exelvn tou Mogadelyuatog 3.3.2

- 1 éyouue Ta amoteAéoyata tou Ilivaxa 3.3.2 - 2. .
Yrtov Iivaxa 3.3.2 - 3, avtiotoiya 3.3.2 - 4 divovron oynuatixd oL utohoyiouol

TV dlpeuévoy duapopdy 3ng, avilotowya 4nc-tédéng, evéd otov Alydelbuo

3.3.2 - 1 0 Tp6T0¢ UTOAOYLOUOY TWVY YEVIXE.

3.3.3 Toinog napeuBoivc tou Newton

® Anodewxvieton 6T ue 11 Borfela Ty Slapeuévey Slawopty, T0 TOAUGYLUO

(3.3.1 — 1) ypdypeton

P,(x) = flzo]+ flz1,20] (2 — o)
+f [0, 21, 22] (£ — ) (x — 1) + ... (3.33-1)
+f[xo,x1,. - xk) (. — o) -+ (. — Tp—1) -

SBéne Bihoypapia [1, 2, 3] xou:
hitps : [ /en.wikipedia.org/w/index.phptitle = Newton_polynomial&searchDepth = 2
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ITivaxag 3.3.2 - 2: Iapdderyua 3.3.2 - 2: unohoyLouos Stotpeuévng dtapopds

2-18&nc.
ro = 1.0 f [.%‘0] =20
f w0, 21]
2.8 — 2.
_28-20_ ..
1.5—-1.0
f{-’L‘O,IEl,fEQ]
_ [z, 2] — [ lwo, 2]
Tro9 — I1
r1 =1.5 x| = 2.8
' fle]  35-16
- 1.7-1.0
= 2.714 286
[z, 2]
35-28
“17-15 7
Tro = 1.7 f [acQ] =35
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Ilivaxag 3.3.2 - 3: unohoyioude Sanpeuévne dlapopdc 3nc-tdEne.

Zg f[xl] f[?] f[m] f[wa]
zo | f[zo]
f[l‘o,:L’l]
_ fz1)—f(=z0)
T1—XT0
f[-r()axlme]
| flel _ [lz1,wo]= flwo,mi]
To—T0
[ lx1, 2] [ [zo, 1,72, 23]
_ f(@2)—f(z1) _ flza,@2,w3]— flw0,21,22]
r2—XT1 xr3—T0
flr1, z2, 23]
w2 | ] lz2] _ [lz2,m3]—flw1,30]
r3—T1
f[l‘Q,:L‘g]
_ flz3)—f(z2)
T3—IT2
z3 | f[x3]
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ITivaxag 3.3.2 - 4: unohoyiouds Sionpeuévng dlagpopds 4ng-1dng.

zi | [ [wi] fi] 1] fiss] Il
zo | flxo
flwo, z1]
x| [ lw] [ o, w1, 2]
[ lz1, 2] [ xo,z1, 22, 3]
x| [ [x2] ey, w2, 3] flzo, z1, 22
3, 4]
[x2, 23] flx1, 22,23, 24]
z3 | [ lws] [ w2, 3, 4]
S w3, 4]
x4 | [ [z4]

AlyébpBuog 3.3.2 - 1 (UTOAOYLOROU TOU TVAXA TWV DLALEEUEVLV DLAPOPGY)

AdBocezi; i =0,1,...,n
Yrohéywe f (x;) = flzi];4=0,1,...,n
Towk=1,2,...,n
lat:=0,1,...,n—k
x; yor ey Lidk| — Liyeooy Litk—
f[fi,$i+17m,93z‘+k]:f[ = 41 = /| 4]
Titk — Tj
TéNOC @

téhoc k
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O tinog (3.3.3 — 1) elvan yvwotde xau wg Tinog napepPorfc Tov Newton
(Newton interpolation formula).
Téte and tov 10mo (3.3.3 — 1) npoxintovy
Yo X = Xg
Py (w0) = f [xo] +0 = f (20),

Yl X = X1

Py (z1) = flzo] + f[z1,20] (x —20) +0
f (1) — f (20)

71 — 20 (x —w0) = f(z1) xhn,

= f(zo)+

dInhadt| emaknfedeton 6Tt 0 mohudVUHO P () o1ty poperh auth diépyeton and
o onuela 2459 =0, 1, ..., n.
Me Swadoynd egapuoyt tou tinou (3.3.3 — 1) éyouue:
yion=1
Pi(z) = f[xo] + [ [x1, 0] (x — 20) (3.3.3-2)

Tou tooUtat Ue Tov oo (3.2.1—4) g ypapuwic tapeufolfc Tou Hupadelyuotoc
3.21-1,

vian = 2
Py(x) = [leo]+ f [z1,20] (& —20)
+f [wo, 21,32 (€ — 0) (z — 21), (3.3.3- 3)
vian =3
Ps(x) = f[xo]+ f[z1,20] (x — 20) (3.3.3 - 4)

+f [z, 71, 22] (¥ — 20) (2 — 21),

+f [z, w1, 22, 23] (x — x0) ( — 1) (x — 22) .
‘Ouota 6tav n > 3.
Iopddetypa 3.3.3 - 1

Znreltar vo unohoyiotel 1o toAudvuuo tapeufohnc 2ou Bafuol nou npoceyyilel

CEZ

™V ohoxhnpwtéa ouvdptnon f(z) = e ¥ tou Ilupadelyuatog 3.2.1 - 3, 6tav
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Iivaxag 3.3.3 - 1: Hapdderyua 3.3.3 - 1.

xo = 1.0 1.0
f [wo, 1]
_ 0.778801—1.0
0.5—0
= —0.442398
f [.To, L1, *TQ]
— —0.821 843—(—0.442 398
z1 =15 0.778801 = o )
= —0.379444
f 1, o]
_ 0.367879—0.778 8301
1.0-0.5
= —0.821843
zo =18 0.367879

ta onueta elvar 29 = 0, 1 = 0.5, xat z2 = 1.0.
Abom. Enewy| ta onuela elvor 3 to {ntoduevo noludvuuo elval 2ou Boabuod
xat divetan and tov tono (3.3.3 — 3). Tw tov unoloyioud Tou anatteltal n

dnuroveyia tou Iivaxa 3.3.3 - 1.

‘Apa
P) = 1.0-0.4423982 — 0.379444 2(z — 0.5)
= 1-0.252676z — 0.379444 2,
dnhadr to anotéheoua (3.2.1 — 7). .

Iopddetypa 3.3.3 - 2

Znreltal vo utohoyLotel To toAudyuuo rapeufohnc 3ou Baluol tng ouvdeTy-
one f(x), btav ta onuela x; xou ov Twwée f (z;) divovton otov Hivaxa 3.3.3 -
2.
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Ilivaxacg 3.3.3 - 2: Hapdderypa 3.3.3 - 2.

Z; f[wl] f[7] f[n] f[an]
zo=1.0| 0.585
f [900,36’1]
— 0.540—0.585
1.5—1.0
= —0.270
f [CL‘(), x1, {I,‘Q]
_ 2.650—(—0.270
z1 =15 0.450 - W
= 3.650
[z, 2] flzo, w1, 2, 3]
— 1.245—0.450 — —8.327—3.650
1.8—-1.5 2.5—1.0
= 2.650 = —7.985
[z, @2, 3]
__ —3.179—2.650
xy =18 | 1.245 — =2179-2.650
= —8.327
f [1:17 132]
_ —0.980—1.245
2.5—1.8
= -3.179
3 = 2.5 | -0.980
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Avom. Egapuélovtac tov tino (3.3.4 — 7) éyoupe
Py(z) = 0.585—0.270(z — 1.0) + 3.650(z — 1.0)(z — 1.5)
—7.985(x — 1.0)(z — 1.5)(z — 1.8)
= 23.391 — 47.309 x + 30.8292° — 6.319 2°.

O vroloytouée tou tohuwvipou P3(z) ue to MATHEMATICA yiveton
oto llpéypauua 3.3.3 - 1.

IMpéypappa 3.3.3 - 1 (untoroyLowol Tou TOALLVOLOL TALERBOAYS)

data = {{1.0, 0.585}, {1.5, 0.450}, {1.8, 1.245},
{2.5, -0.980}};
InterpolatingPolynomial [data,x]

3.3.4 XYyéom mapeuBoMg %ol ToEAYGYOU
Av i =0, and tov tin0 (3.3.2 — 2) npoxintel

1 — %o

flzo, 1] = (3.34 - 5)

Téte, epboov 1 vrdpyeL 1 tapdywyoc f/, and to Oedpnua e Méone Tiuihc
€youue
[ lwo, 21] = (), (3.34-6)
otay € € (xo,z1).
To rapaxdto Gedpnua, nou elvat Yvwotd oc 1o Osdpnua e Méong Tuwuvc

yiar SonpeUEVeES BLapopés, YEVIXEUEL TO AMOTEAEGUA AUTO:

Ocdpnpa 3.3.4 - 1. ‘Fotw f(x) ula mpayuatixi ouvdptnon ue nedio
optouoy [a,b] xa ¢ onolag undpyet n n-tdéne napdywyos yia xdbe x €
(a,b). Téte, av xo, T1, ..., Tp, elvar n+ 1 Stagopetixd onuela tou [a,bl,

vndpyetr onuelo § ue & € (a,b), érol dote

flzo 1, 20] = : (3.34-7)
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Aoxfoelg

1. Me 7ov tUmo mapeuPohric Tou Newton vo unoloylotel 10 TOAUGVULO TOU
7 z Z 7x2 7

mpooeyyiler Ty ohoxhnpwtéa cuvdptnon f(z) = e tou lapadelyuatog

3.2.1 - 3, étav ta onuela etvor 29 = 0, z1 = 0.3, z2 = 0.6, xou z3 = 1.0.

2. 'Eotw 61 ta onuela xg, T1, T2 xoL T3 LGATEYOLY, INAASH h = Tijp1 — &;

v xébe i =0, 1, 2, 3. Aetfte 618

f(z0) = 2f (z1) + f (22)

21 f[xo,x1,22) = 12 ,  (3.3.4-8)
31f[zo,e1,20,23] = <5 [=f (20) +3f (21)

—=3f (z2) + [ (x3)]. (3.34-9)

3. 'Eotw 6t ta onuela zo, 21, ..., Tp L0AnéEYouy, SNAadh h = zi41 — =; YL

xd0e i =0,1,...,n—1. Téte, av v = xg + sh, n dwgopd = — ; yedpeTon

x —x; = (s — 1)h, onéte and Tov om0 (3.3.3 — 1) npoxintel

P,(z) = P, (zo+sh) = f[xo] + shf [x1,z0] + s(s — V)RS [z0, 21, 23]

+...+s(s—=1)---(s—n+1h"f[zo,21,..., 2]

n

— 25(5_1)...(5—n—|—1)hkf[x0,l’1,...,$k].

k=0

<Z> :s(s—l)--l;:(!s—k:—l-l),

detlte 6Tt To mohudvuuo Py (x) tehind ypdpeTal
Pu(z) = Po(zo+sh) = (Z)k VhEf (w0, 21, ... 2] . (3.3.4 - 10)
k=0

Ewdryovtag Tov cuufohioud A yio i Tpog Ta eunpds StatpeUéveg SLapopég

80u t6roL awtol elval pia Tpocéyyion Tng aviiotouymg Tepaydyou oto Oedpnua 3.3.4 -

1. Avohutoed uehétn Oa yivel oto Mdbnua Ilpooéyyion Hapaydywy.
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we e’
Fleoil = HENZIE) L p )
Af(z1) — Af (z
flzo,z1, 2] = % /( l)h f (o) Z#AQJE(?CO)
Lk
flzo,x1, ..., 2] = k!hkA f (zo0),

delte enlone 6t o tinog (3.3.4 — 10) ypdypeton

n

Pu(z) =Y (2) AF £ (o). (3.3.4 - 11)

k=0

"Bléne Snuelwon 3.3.2 - 1.
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